Cold atoms with laser-induced spin-orbit (SO) interactions provide promising platforms to explore novel quantum physics, in particular the exotic topological phases, beyond natural conditions of solids. The past several years have witnessed important progresses in both theory and experiment in the study of SO coupling and novel quantum states for ultracold atoms. Here we review the physics of the SO coupled quantum gases, focusing on the latest theoretical and experimental progresses of realizing SO couplings beyond one-dimension (1D), and the further investigation of novel topological quantum phases in such systems, including the topological insulating phases and topological superfluids. A pedagogical introduction to the SO coupling for ultracold atoms and topological quantum phases is presented. We show that the so-called optical Raman lattice schemes, which combine the creation of the conventional optical lattice and Raman lattice with topological stability, can provide minimal methods with high experimental feasibility to realize 1D to 3D SO couplings. The optical Raman lattices exhibit novel intrinsic symmetries, which enable the natural realization of topological phases belonging to different symmetry classes, with the topology being detectable through minimal measurement strategies. We introduce how the non-Abelian Majorana modes emerge in the SO coupled superfluid phases which can be topologically nontrivial or trivial, for which a few fundamental theorems are presented and discussed. The experimental schemes for achieving non-Abelian superfluid phases are given. Finally, we point out the future important issues in this rapidly growing research field.
I. INTRODUCTION
A. Why study spin-orbit coupling?
Spin-orbit (SO) coupling is a relativistic quantum mechanics effect which characterizes the interaction between the spin and orbital degrees of freedom of electrons when moving in an external electric field. Due to the special relativity, the electron experiences a magnetic field in the rest frame, which is proportional to the electron velocity and couples to its spin by the magnetic dipole interaction, rendering the SO coupling with the following form H so ∝ σ · B eff ∝ σ · (∇V × p) = λ so ∇V · (p × σ) , (1) where σ is the spin, V (r) is the external electric potential experienced by the electron, p is the electron's momentum, and λ so denotes the SO coefficient. In atomic physics the SO coupling is responsible for the fine structure splitting of the optical spectroscopy. In solid state physics the SO interaction of Bloch electrons exhibits several effective forms by taking into account the crystal symmetries and local orbitals around Fermi energy, and can strongly affect the band structure of the system. The typical types of the SO coupling includes the Rashba and Dresselhaus terms, which are due to the structure inversion asymmetry and bulk inversion asymmetry of the materials, respectively, and Luttinger term which describes the SO coupling for the valence hole bands [1, 2] . The study of SO coupling for electrons has generated very important research fields in the recent years, including * Correspondence addressed to: xiongjunliu@pku.edu.cn spintronics [3] , topological insulator [4, 5] , and topological superconductors (SCs) [6] , etc. These studies bring about completely new understanding of the effects of the SO coupling in the condensed matter physics and material science.
Spintronics.-In a system with SO coupling one can manipulate the electron spins indirectly by controlling the orbital degree of freedom. This lies in the heart of the study of semiconductor spintronics, with the spin degree of freedom of the electron being exploited for improved functionality. From the basic form of the SO interaction, one can see that the components of the spin, momentum, and electric field which couple together are perpendicular to each other: σ ⊥ p ⊥ ∇V . This implies that applying an external electric field may dynamically drive the electron at opposite spin states to move oppositely in the real space. In particular, consider a Rashba SO coupled system with the presence of an external electric field, described by the potential V ex (r), whose Hamiltonian reads H = p 2 /2m e + λ so (k x σ y − k y σ x ) + V ex (r), where m e is the effective mass of Bloch electron. This Rashba SO coupling can be equivalently written in terms of a non-Abelian SU(2) gauge potential and then H = (p − e A σ ) 2 /2m e + V ex (r), where a trivial constant is neglected and A σ = (m e λ so /e )(−σ yêx + σ xêy ). Note that the field of a non-Abelian gauge is given by F µν = ∂ µ A ν −∂ ν A µ +(ie/ c)[A µ , A ν ], which is associated a spindependent magnetic field, given by B = m 
When electrons are accelerated by the electric field, their spins are tilted to out-of-plane (ê z ) direction. The above formula implies that electron having nonzero spin polar-ization experiences an effective magnetic field along +z or −z direction depending on its polarization direction. Thus spin-up and spin-down electrons are deflected to opposite sides (Fig.1a ), leading to a pure spin current and spin accumulation in the edges of the transverse direction. This gives a spin Hall effect (SHE) [7, 8] . Moreover, in a magnetic semiconductor, the spin of electrons is polarized due to the existence of a Zeeman coupling term M z σ z , which leads to a population imbalance in the spinup and spin-down states. In this case, while the electrons with opposite spin polarization along z axis are deflected oppositely, a nonzero transverse charge current is also resulted, giving rise to an anomalous Hall effect (AHE) [3] . In the anomalous Hall effect both the spin and charge accumulations are obtained. The SHE and AHE may have important applications designing spintronic devices such as SHE transistors and spin injectors. Topological insulators.-Taking into account the spin degree of freedom can bring rich nontrivial structure of the Bloch bands for electrons [4, 5] . In the presence of SO coupling the spin and momentum of an electron can be entangled, which causes spin texture in the momentum space. For an insulator, all the momentum states of a single band in the d-dimension form the first Brillouin zone (FBZ), which is a closed manifold known as torus T d . The spin is attached to each Bloch momentum governed by the SO interaction. A simple illustration of the SO effect on topology is sketched in Fig. 1 . Fig. 1 (a) gives a fully spin-polarized configuration, in which case the spin does not wind in the momentum space, thus mapping to a single point of the unit circle. This gives zero winding number (N 1d = 0) [ Fig. 1 (a) ]. In contrast, for case of Fig. 1 (b) , the spin winds over all direction of a circle in the real space when the momentum runs over the FBZ, giving rise of a nonzero winding number of the Bloch band (N 1d = 1). The latter case is referred to as a topological phase, while the former is a trivial one. The transition between a topological phase and a trivial has to experience the band gap closing. As a consequence, in the interface between the topological and trivial regions, e.g the boundary of the material which is in a topological phase, the localized in-gap states emerge, mimicking the gap closing at the interface.
More specifically, the terminology topological insulator typically refers to the topological insulating phases in 2D or 3D with time-reversal symmetry [4, 5] , which are a new class of insulating topological phases different from the quantum Hall effect discovered in 1980s [9, 10] . In such insulators the boundary exhibit helical edge or surface states protected by time-reversal symmetry. Since the concept was introduced in 2005, tremendous proposals and experimental discoveries for the 2D and 3D topological insulators have been performed in the past years [4, 5] . Physically, the SO interaction leads to the band inversion of the orbital bands with opposite parity around Fermi energy, accounting for the underlying mechanism for the topological phase transition. The inverted regime corresponds to the topological phase, while the normal un-inverted regime corresponds to the trivial phase [11, 12] . The concept of topological insulators with time-reversal symmetry has also been generalized to the phases protected crystal symmetries, dubbed topological crystalline insulators [13, 14] , and also to the topological semimetal or metals [15] [16] [17] [18] .
Topological superconductors.-Topological SC is a topological phase similar as the topological insulators, having a bulk superconducting gap and gapless or midgap excitations in the boundary [5, 6] . Unlike the insulating phases, the boundary excitations in a topological SC are known as Majorana modes which are their own antiparticles [19] [20] [21] [22] . Mathematically, the annihilation and creation operators of such states are identical γ(x) = γ † (x). Especially, the Majorana zero energy modes localized in the point-like topological defects of topological SCs obey non-Abelian statistics [23] [24] [25] [26] [27] , and have potential applications to the topological quantum computation [28] [29] [30] , which is an essential motivation for the great efforts having been driven in both theory and experiment to search for such exotic modes in the recent years. Note that in a SC the Bogoliubov quasiparticle operators generically takes the form b µ (x) = α µ c σ (x) + β µ c † σ (x), with the spin indices σ, σ =↑, ↓. In an s-wave SC whose pairing order is even one has σ = σ and the quasiparticle is not a Majorana, while in an spinless (or spin polarized) SC, only a parity-odd (p-wave) pairing phase occurs and then σ = σ , yielding a Majorana quasiparticle.
An important consequence of the SO interaction is that the parity of superconducting pairings can be manipulated in the SO coupled materials. In the presence of SO coupling, in general the orbital angular momentum is no longer a good quantum number, nor the spin. Thus in the superconducting pairing channels the parity-even (like s-wave) and parity-odd (like p-wave) pairing states are mixed up. Under proper conditions, e.g. in the presence of an external Zeeman field which can kill the s-wave pairing, only parity-odd superconducting states shall survive and then the Majorana modes can be realized. This idea has been broadly applied to the recent theoretical proposals and experimental realization of topological SCs based on heterostructures formed by SO coupled materials and conventional s-wave SCs, together with a Zeeman splitting field being applied by magnetic field or ferromagnetic insulators [22] . In the interface the Cooper pairs are forced into p-wave type by the SO coupling and Zeeman field, rendering a topological SC. Nevertheless, while many experimental studies have been performed in observing indirect signatures of Majorana zero modes, based on s-wave SCs and semiconductor nanowires [31] [32] [33] [34] , magnetic chains [35] [36] [37] , or topological insulators [38] [39] [40] , the rigorous confirmation is yet illusive.
B. Brief history of SO coupling for ultracold atoms
In cold atoms the spin states refer to the internal electronic hyperfine levels, and the spin of an atom is given by the summation of the total spin, orbital angular momentum of all electrons of the atom, and the nuclear spin [41] . Compared with solid state materials, the ultracold atoms are extremely clean systems, with all the parameters being fully controllable in the experiment [42, 43] . Such a full controllability enable the ultracold atoms to be ideal platforms to simulate complex quantum physics with exact models which can be beyond or not precisely achievable in solid state materials.
The ultracold atoms do not have intrinsic SO coupling, while an effective SO interaction can be generated by properly coupling the atomic spin states to external fields [44, 45] . From the case of a Rashba SO coupling we have seen that the SO interaction is generically equivalent to a non-Abelian gauge potential coupling to the spin degree of freedom of the system. This picture gives birth to the basic ideas in realizing SO coupling for ultracold atoms through the generation of synthetic gauge potentials. Before proposing a SO interaction, the realization of an Abelian gauge potential for a spinless system was first theoretically considered by Jaksch and Zoller [46] in 2003 for optical lattices, and by Juzeliūnas andÖhberg [47] in 2004 for continuum quantum gas. The Abelian gauge potential is associated with an artificial magnetic flux, similar as that in a rotating Bose-Einstein condensate [48, 49] . Motivated by the previous study, in 2004 Liu et al. [50] proposed to realize a spin-dependent gauge potential of the form A 3 (r)σ z by generalizing the previous scheme for magnetic flux to the spin-dependent regime, yielding an early model for realization of SO coupling. Interestingly, this SO term describes a coupling between spin and orbital angular momentum, which attracts particular attention very recently for cold atoms [51] [52] [53] [54] . It is noteworthy that the spin-orbital-angular-momentum coupling is very recently realized in experiment by Lin's group [55] , which applied a scheme similar to the one proposed in Ref. [50] . Adopting the similar idea of generating spin-dependent gauge potentials, Liu et al. [56] and Zhu et al. [57] respectively proposed to observe spin Hall effect for ultracold atoms. In both cases, spin-dependent gauge potentials are still Abelian with the form A = A 3 (r)σ z , associated with a spin-dependent magnetic field B = B 3 σ zêz , for which the spin-up and spin-down atoms couple to artificial magnetic fields along +z and −z direction, respectively, leading to a (quantum) spin Hall effect. The realization of non-Abelian gauge potentials was first proposed in 2005 by Osterloh et al. [58] in optical lattice, and by Ruseckas et al. [59] in continuum quantum gas. With the proposed non-Abelian gauge potentials, in principle one can achieve high dimensional SO couplings.
The early proposals for SO coupling are hard to be realized in real experiments. In 2008, Liu et al. [60] pointed out that a 1D SO coupling with equal Rashba and Dresselhaus amplitudes can be realized for atoms with a simple Λ-type configuration of internal levels. A similar configuration was considered earlier by Higbie and Stamper-Kern [61] to investigate the properties of a Bose condensate, while not SO coupling. A Lambda type configuration contains two ground hyperfine levels, mimicking the spin-up and spin-down states. A Raman coupling induced by two light beams drives spin-flip transition and transfers momentum simultaneously, giving rise to SO coupling. The basic idea has been broadly applied in experiment to realize the 1D SO coupling for bosons and fermions [62-66, 68-76, 162] . The first experimental realization was performed with bosons in Spielman's group at NIST [62] . Following this study, Zhang's group at Shanxi University [64] and Zwerlein's group at MIT [65] respectively realized the 1D SO coupling for 40 K and 6 Li Fermi atoms, respectively. On the other hand, Chen's group at USTC studied the phonon spectra and observed the roton gap for a SO coupled BEC [71] , and further performed a systematic study of the phase diagram at finite temperature of the SO coupled BEC [70] . Engels' group first realized the 1D SO coupling for bosons in an optical lattice. More recently, the 1D SO coupling has also been realized with lanthanide and alkali earth atoms, including Dy fermions by Lev's group [74] , Yb atoms by Jo's group at HKUST [75] and by Fallani's group [77] , and Sr atoms by Ye's group at JILA [78] .
Realization of a high-dimensional SO coupling (more than 1D) is more significant. The reason is obvious: a high-dimensional SO coupling (e.g. the 2D Rashba term) corresponds to a non-Abelian gauge potential and is associated with nonzero Berry's curvature which could have nontrivial geometric or topological effects, while the 1D SO coupling realized in the aforementioned experiments corresponds to an Abelian potential and does not give a nonzero Berry curvature. The study of broad classes of novel topological states necessitates the realization of high-dimensional SO couplings, including topological superfluid phases [79, 80] . Many interesting schemes were proposed for realizing 2D [58, 59, [81] [82] [83] [84] [85] [86] and 3D SO couplings [87] , whereas the experimental realization was not available until very recently. The Rashba type and Dirac type 2D SO couplings are realized by Zhang's group [88] and a collaborative team by Liu's group at PKU and Pan-Chen's group at USTC [89] , respectively. The former realization is based on a tripod scheme in a continuum space, and the latter is based on a scheme called optical Raman lattice with double-Λ internal configuration [86, 89] . The achieved 2D Dirac Hamiltonian realizes a minimal model for quantum anomalous Hall effect driven by SO coupling, which cannot be achieved with solid state materials but has been firstly obtained for ultracold atoms, and was shown to exhibit novel physics in the bulk and the boundary.
II. THEORY FOR SYNTHETIC SO COUPLING
A natural way to simulate gauge potentials is to change the dynamical behavior of neutral atoms just as moving charges in electromagnetic fields by some external forces, like rotation [48, 49] , atom-light interaction [90] [91] [92] [93] or laser-assisted-tunneling [94] [95] [96] . Juzeliūnas et al. [47] proposed to produce an effective magnetic field by Berry's phase [97] , which arises from the adiabatic motion of a spatial-dependent dark state (a light-dressed eigenstate uncoupled with the excited state). Liu et al. [50] proposed to realize a spin-dependent gauge potential of form A 3 (r)σ z by generalizing the previous scheme for magnetic flux to the spin-dependent regime, yielding an early model for realization of SO coupling. This SO term describes a coupling between spin and orbital angular momentum, which attracts particular attention very recently [51] [52] [53] . A more generic notion of SO coupling, which corresponds to non-Abelian gauge potentials, can be generated by employing two or more degenerate dressed states [58, 59] . The basic idea of generating adiabatic Abelian and non-Abelian gauge fields can, in fact, trace back to Wilczek and Zee's seminal work in 1984 [98] .
A. Gauge potential for continuum gas
We start with the generic theory of producing nonAbelian adiabatic gauge potentials [99] . We consider a N -level quantum system which is coupled to external fields, with the Hamiltonian H = − 2 2m ∇ 2 +V (r)+H I (r). Here V (r) is the trapping potential, and H I (r) denotes a spatially varying interacting term between the system and external fields (e.g. laser addressing). One can diagonalize the coupling Hamiltonian H I through a unitary
is diagonal and is written as
with |χ j (r) being the eigenstates of H I and E j the corresponding energy. With the diagonal bases of H I , the total Hamiltonian after the transformation can be obtained by
where V = U † V U and the gauge A is a SU (N ) Berry's connection, taking the N × N matrix form, and is introduced by
The non-Abelian gauge potential A(r) is associated the SU (N ) Berry curvature
and the effective magnetic field B then given by B j = 1 2 jkl F kl . Note that in the above derivative we have not performed adiabatic approximation. In this stage A is a pure gauge given by the SU (N ) transformation and the Berry curvature is simply zero F µν = 0. Further applying the adiabatic condition yields adiabatic gauge potential which may lead to nontrivial SO couplings. Consider that the ground state subspace of H I has n (n < N ) degenerate eigenstates. The off-diagonal couplings within the degenerate ground states are not negligible. However, the adiabatic condition can be satisfied and decouple the ground state subspace from excited levels when the ground state energy, E g , is well separated from those of the remaining N − n states, namely, when |v · A ij | |E g − E j | holds for i = 1, 2 · · · , n and j = n + 1, n + 2, · · · , N . In this case, we neglect the couplings between the ground state subspace and excited states and reach the reduced column vector of wave functions only for the degenerate subspace as
T , which satisfies
where A (n) is a n×n matrix reduced from the pure gauge A, rendering a U (n) non-Abelian gauge potential if n > 1. The effective trapping potential matrix V eff is given by V eff,jl = E j δ jl + χ j (r)|V |χ l (r) + Φ jl , with the scalar potential Φ being given by
In the case of n = 1, i.e. the ground state is nondegenerate, and the reduced adiabatic gauge potential becomes Abelian. 87 Rb atoms, coupling to two beams propagating oppositely in x direction. The F = 1 manifold is employed with one hyperfine state well separated by a quadratic Zeeman shift . (c) An intuitive picture for the 1D SO coupling. The two-photon Raman coupling imprints a momentum difference to the two spin states due to momentum transfer in the twophoton process, and induce a spin-flip transition which opens a Zeeman gap at zero momentum. The whole effects generate a 1D SO coupling together with a Zeeman term.
The Lambda-type configuration.-A minimal scheme to realize SO coupling by generating spin-dependent gauge potential was proposed based on a Λ-type configuration [60] . As shown in Fig. 2(a) , the there-level atoms are coupled to two laser beams, with the interaction Hamilonian (8) where Ω 1 = Ω sin θe iS1 and Ω 2 = Ω cos θe iS2 with Ω = |Ω 1 | 2 + |Ω 2 | 2 , with S 1,2 being determined by the phases of laser beams. When the detuning ∆ is much larger than the coupling strength Ω, the above Hamiltonian has two nearly degenerate ground states
which make up a spin-1/2 system providing the realization of SO coupling with proper spatial-dependent phases S 1,2 (r). The following is an alternative equivalent picture. Due to the condition that |∆| Ω, the singlephoton transitions between the ground states |g ↑,↓ and the excited state |e are greatly suppressed, while the two-photon transition between the two ground states becomes dominant. In this regime, by adiabatically removing the excited state the system is effectively regarded as a two-state (|g ↑ and |g ↓ ) configuration coupled by a two-photon Raman process. Consider a simple case where the laser fields are counter-propagating along xdirection so that the Rabi frequencies Ω 1 = Ω 0 e ik0x and Ω 2 = Ω 0 e −ik0x [see Fig. 2(b) ], where k 0 denotes the wave number of the two lasers. As mentioned above, when |∆| is large enough, one can adiabatically eliminate the excited state and obtain the effective spin-1/2 Hamiltonian in x-direction
where δ is a small two-photon detuning for the Raman coupling and the Raman Rabi frequency Ω R = Ω 2 0 /∆. After the transformation U = exp(−ik 0 xσ z ), the Hamiltonian renders a 1D SO coupling (with equal amplitudes of Rashba and Dresselhaus terms)
From the above SO Hamiltonian one can see that the generated gauge potential A = k 0 σ zêx is spin-dependent, but still Abelian, rather than non-Abelian. The SO coupling can naturally emerge from the view of momentum transfer, as illustrated in Fig. 2(c) . Due to the laser polarization, the transition from |g ↑ to |g ↓ or the other way round amounts to absorbing a photon from one laser and then emitting a photon to the other, accompanied with momentum transfer by 2k 0 . To be specific, the atomic momentum increases by k 0 , the socalled recoil momentum, after absorption of one photon; it gains another k 0 in the subsequent emission since the two coupling beams are counter-propagating. As a result, by Raman process, the spectra of atoms in the two states |g ↑ and |g ↓ exhibit a relative 2k 0 -momentum shift along k x direction [the former two pictures in Fig. 2(c) ]. Furthermore, a finite Raman coupling strength leads to a spin-flip transition, which corresponds to the σ x term in Eq. (12) and opens a gap at k x = 0, eventually leading to the spectra shown in the last picture of Fig. 2(c) . It is the spin-flip transition associated with momentum transfer that accounts for the basic mechanism of generating SO couplings.
It is noteworthy that simply applying another pair of laser beams along say ±y directions to induce additional Raman coupling and momentum transfer along y direction cannot yield 2D SO coupling. Instead, in this case, the both Raman couplings along x and y axes will combine and induce the 1D SO coupling alongê x +ê y direction. As we shall see later, to realize high-dimensional SO couplings based on Λ-type configurations, one needs to consider optical lattices.
The tripod-configuration.-An early scheme to generate non-Abelian gauge potentials is based on a tripod-type configuration with four-level atoms coupled to spatially varying laser fields [59] , as depicted in Fig. 3(a) . The atom-light coupling Hamiltonian reads
where the Rabi frequencies Ω j characterize the corresponding atomic transition amplitudes and are defined by Ω 1 = Ω sin θ cos φe iS1 , Ω 2 = Ω sin θ sin φe iS2 , and
The above Hamiltonian has two degenerate dark states
with S ij = S i − S j . One can embed spatial dependence into dark states by using standing-wave fields (associated with the angles φ and θ) or non-parallel propagating running waves (associated with the relative phases S ij ) or vortex beams with orbital angular momentum (phases S ij ). The two dark states form a pseudospin-1/2 system, for which a U(2) non-Abelian gauge potential A (2) can arise in the adiabatic motion, with the elements A (2) 
Properly choosing the parameters θ, φ and/or S ij can readily yield Rashba or Dresselhaus type SO couplings. For example, let θ = φ = π/4, S 12 = k 0 x, S 23 = k 0 x+k 0 y, and S 13 = −k 0 x + k 0 y. The gauge potential becomes
where a trivial constant has been neglected. The above gauge potential is of U (2) form and leads to a 2D SO coupling. The tripod scheme provides a natural realization of non-Abelian gauge potentials for an effective pseudospin-1/2 system, while it also suffers challenges in experimental study. For example, the tripod configuration includes three ground states |j (j = 1, 2, 3), with one of the three states having to be a metastable state which may have relatively short lifetime, particularly in the presence of interactions [100] . On the other hand, the realization of tripod scheme necessitates the resonant Raman couplings between each two of the three ground states, which is vulnerable to the fluctuation of external magnetic field which is applied for experiments of generation SO couplings. Finally, unlike the Λ scheme, in the tripod system the SO coupling is defined for pseudospin states (i.e. dark states), rather than real atom spins (hyperfine eigenstates), which could be hard to be directly measured or engineered in experiments. As a result, while the first proposal of tripod scheme was introduced over a decade ago [59] , it was successfully demonstrated in experiment only recently by Shanxi University in collaboration with CUHK [88] .
B. Gauge potential in optical lattices
In optical lattices the motion of atoms can be described by hopping between lattice sites. Accordingly, the SO coupling in optical lattices corresponds to the spin-flip hopping between neighboring sites, similar to the spinflip transition associated with momentum transfer in the continuum gas. For example, for a 2D square optical lattice, the tight-binding model for the case with a Rashba SO coupling can be written as (18) where A = (σ y , −σ x ), c l,s and c † l,s are annihilation and creation operators, respectively, j, l represents the hopping between nearest-neighbor sites, and d jl denotes the unit vector from l-site to j-site. The above tight-binding Hamiltonian describes a spin-conserved hopping with coefficient t s = t 0 cos θ/2 along x and y directions, and spin-conserved hoppings with coefficient t x so = t 0 sin θ/2 (t y so = −t 0 sin θ/2) coupling to σ y (σ x ) along x (y) direction. Transforming the Hamiltonian into k space yields
whereÎ is a 2 × 2 identity matrix and t so = t 0 sin θ/2. While a purely Rashba SO coupling has not been realized in experiment in an optical lattice, Engels' group first demonstrated the 1D SO coupling for bosons in optical lattices [72] . The recent studies show that instead of realizing a purely Rashba SO coupling, it is more natural to realize the Dirac-type 2D SO coupling based on the so called optical Raman lattice scheme [86, 101] , where besides a 2D Rashba-type SO term induced by Raman coupling lattice, the spin-conserved hopping couples to the σ zcomponent rather than identity matrixÎ. In the lowest s-band regime, the Bloch Hamiltonian becomes
which describes a minimal quantum anomalous Hall (QAH) model driven by SO coupling and has been first realized by the collaborating team at PKU and USTC [89] . The optical Raman lattice schemes exhibit high feasibility in experimental realization with multiple advantages, and are becoming a prevailing technique in investigating novel high-dimensional SO effects and topological physics in experiment. The detailed discussions will be presented in the next sections.
III. EXPERIMENTAL ISSUES OF REALIZING THE 1D SO COUPLING
A. Realization of Λ-type configuration
The Λ-type coupling scheme can be readily realized in real cold atom systems. Fig. 2 
where g I,J,F are Landé factors and ∆E hfs denote hyperfine splitting. As a result, when two of the three ground states are coupled in two-photon resonance, they are detuned from the third state, and an isolated Λ-system is resulted. For example, with a bias field of strength 14G, the Zeeman splitting between two neighboring hyperfine states |m F = 0 and m F = −1 is about 10.2MHz, which has a discrepancy of 8E r with respect to the Zeeman splitting between |m F = 0 and m F = 1 if applying λ = 786nm Raman beams [ Fig. 2 (b) ]. With the simple scheme the 1D SO coupling can now be routinely realized in both Bose-Einstein condensates (BECs) [62, 66] and Fermi gases [64, 65] .
B. Cancellation of Raman couplings through D1 and D2 transitions
Note that the net Raman coupling is obtained by taking into account the contributions through both the D 1 and D 2 lines. The total Raman coupling between two ground states, e.g. |m F = +1 and |m F = 0 for 87 Rb, is given by
where ∆ is one-photon detuning for D 1 line, E s is the fine-structure splitting, Ω 1F,Dj and Ω 2F,Dj represent the one-photon Rabi-frequencies induced by the two laser beams corresponding to the transitions from |m F = +1 and |m F = 0 to an excited state of quantum number F in the D j (j = 1, 2) lines, respectively. Let |e F,Dj denote an excited state corresponding to the D j (j = 1, 2) line. We can verify the following identity
where d jF is the corresponding dipole vector. In the above derivative we have applied the identity that F,j |e F,Dj e F,Dj | = I. Thus the couplings through the D 1 and D 2 lines in alkali atoms contribute oppositely to the Raman transition. We obtain that
Assuming that the deunings for both D 1 and D 2 lines are in the same sign, we consider the following two situations. First, consider the red-detuned regime (similar for blue detunings) and when ∆ < E s , we have from the above result that
where the lifetime satisfies 1/τ life ∝ |Ω j | 2 Γ/∆ 2 and Γ denotes the natural linewidth of the relevant transition [? ] . Secondly, when |∆| E s , we have
In this case, the Raman coupling strength Ω R and life time τ life cannot be enhanced at the same time by increasing ∆ and Rabi-frequencies Ω j . Thus we have the following conclusions: 1) To induce an appreciable Raman coupling strength Ω R , the detuning ∆ cannot be much larger than fine structure splitting E s of the excited states. 2) A large enough life time τ life , however, requires that ∆ should be much larger than Ω j . 3) For alkali atoms, the proper parameter regime is that |∆| ∼ E s . 4) The atomic candidates with large fine structure splitting E s are preferred for the generation of spin-orbit coupling. It is noteworthy that, if the optical transitions are applied between D 1 and D 2 lines, namely 0 < −∆ < E s , the both D 1,2 transitions contribute in the same sign to the Raman coupling. This implies that the Raman coupling can be largely enhanced in this regime. Nevertheless, the magnitude of ∆ is restricted by the fine-structure splitting E s . The typical magnitudes of E s for alkali atoms are that E s ∼ 7.1THz for 87 Rb [102] , E s ∼ 1.8THz , and E s ∼ 10GHz for 6 Li [103] , implying that the realization is favorable for 87 Rb, marginally feasible for 40 K, while suffers strong heating for 6 Li atoms.
C. Realization of 1D SO coupling for Bosons
Lin et al. [62] first reported the experimental realization of 1D SO coupling in a Bose-Einstein condensate of 87 Rb atoms, and in particular, demonstrated two quantum phase transitions driven by Raman coupling strength [ Fig. 4 (a,d) ]. One is two minima of the dressed energy dispersion merging into a single minimum [ Fig. 4 (b,c)] ; the other is a transition from a spatially spin-mixed state to a separated state. The latter one is induced by the modified interactions between the two dressed states (the two minima of dispersion) [104] . The spin-mixed phase is also called "stripe" phase [105] , where atoms condense into a superposition of the two minima [ Fig. 5(a) ], thus exhibiting density fringes [106] [107] [108] , while the separated phase is known as "plane-wave" or "magnetized" phase since the condensation occurs at only one minimum [ Fig. 5(a) ].
Ji et al. [70] extended the phase diagram of 87 Rb BECs to the finite-temperature case by observing the evolution of condensate magnetization with the temperature. Unlike the "magnetized" phase, the condensate in the stripe state should exhibit no magnetization at zero temperature; it is not always true in experiments due to undesired circumstances (e.g. the forming of domain wall). However, the histogram of magnetization distribution should have a Gaussian-like peak around zero magnetization after a large number of measurements, as shown in Fig. 5(c) . By contrast, the histogram in the magnetized phase shows two sharp peaks around ±1 [ Fig. 5(c) ], indicating the spontaneous Z 2 -symmetry breaking in Bose condensation. Experimental measurements determines the finite-temperature phase diagram as in Fig. 5(b) , where the stripe phase will first turn into the magnetized phase before becoming the normal state as the temperature increases.
Another related issue is about excitation spectrum. Because the stripe phase breaks both U(1) symmetry (superfluid phase) and translational symmetry, there will be two linear Goldstone modes in the spectrum [109] [schematically shown in the insets of Fig. 5(b) ]. The magnetized phase, however, breaks only one continuous (phase) symmetry, and there is only one linear Goldstone mode. Furthermore, the tendency towards periodic order (the stripe phase) near the transition indicates that the excitation spectrum in the magnetized phase has a roton-type mode [104, 110] , which was experimentally demonstrated by Ji et al. [71] [see inset of Fig 
D. Realization of SO coupling for Fermions
Wang et al. [64] at Shanxi group and Cheuk et al. [65] at MIT group respectively realized 1D SO coupling in atomic Fermi gases using 40 K and 6 Li atoms. The 1D SO coupling induced momentum transfer along x direction leads to a spin-momentum lock along the this direction. This spin imbalance was observed by time-of-flight (TOF) expansion in the experiment with 40 K atoms. On the other hand, note that 6 Li fermions have a tiny fine structure splitting in excited levels. The strong heating brings about serious challenging in realizing the SO coupling with degenerate 6 Li gas. Instead, the MIT group observe the SO coupling induced spin imbalance through spin injection radio-frequency (rf) spectroscopy. During the rf spectroscopy, the atoms are prepared in the reservoir states which are not involved in realizing the SO coupling. Then, a low-power rf pulse was applied to pump the atoms at a certain reservoir state to the target spin-1/2 subspace with the 1D SO coupling generated by Raman couplings. Being a function of the spin polarization of dressed states, from the resonant pumping rate of rf spectroscopy one can read out both the band structure and spin-polarization of SO coupled system. Since the realization, SO coupling induced novel superfluids has been a hot issue. In particular, the interplay between SO coupling and strong interactions (BEC-BCS crossover) has been analyzed theoretically [111] [112] [113] [114] and experimentally [115, 116] .
The 1D SO coupling has also been realized in fermionic lanthanide and alkali earth atoms, including Dy fermions by Lev's group [74] , Yb atoms by Jo's group at HKUST [75] and by Fallani's group [77] , and Sr atoms by Ye's group at JILA [78] . Compared with alkali atoms, the lanthanide and alkali earth atoms have an effective large fine structure splitting E s while a small natural linewidth of transition Γ. As a result, the SO coupling generated for such atom candidates in principle can have a long lifetime. In particular, for the 161 Dy fermions, a lifetime up to 400ms was observed in the experimental realization [74] . Such life is limited by dipolar decay of the spin, rather than by light-induced heating.
The Raman lattice scheme in 1D case. Atoms are trapped in a 1D optical lattice with an internal three-level Λ-type configuration coupled to radiation by a standing wave (red line) and a running wave (blue line). The induced Raman potential M (x) is anti-symmetric with respect to each lattice site.
IV. SO COUPLINGS BEYOND ONE DIMENSION
Until 2016, only the 1D SO couplings had been reported in experiments. Realization of SO couplings beyond 1D regime is much more important for quantum simulation [79, 80, 83, 114, [117] [118] [119] [120] [121] . It is because a high-dimensional SO coupling (e.g. the 2D Rashba term) corresponds to a non-Abelian gauge potential, which is associated with nonzero Berry's curvature and nontrivial geometric or topological effects, while 1D SO coupling is an Abelian potential and does not give a nonzero Berry curvature. The study of broad classes of novel topological states necessitates the realization of high-dimensional SO couplings, such as the 2D and 3D topological insulating states, Weyl semimetals, and topological superfluid phases. The previous schemes for realizing 2D and 3D SO couplings include the tripod scheme [59] and its multipod extension [81] , ring-structure coupling scheme [84] , and realization with magnetic pulses [85, 87] . Nevertheless, except for the tripod scheme successfully demonstrated in the recent experiment [88] , most of these schemes are hard to achieve in real cold atom experiments.
Optical Raman lattice.-Recently, the so called optical Raman lattice schemes are proposed to realize highdimensional SO couplings and novel topological quantum phases. The essential idea of the optical Raman lattice is that one combines the realization of conventional optical lattice, which governs the normal hopping of atoms, and the periodic Raman lattice, which determines spinflip hopping couplings, in the system. Moreover, such realization of optical and Raman lattices are achieved through transitions induced by the same optical fields. A consequence of this combination is that the generated conventional optical lattice and Raman lattice exhibit an automatically fixed relative spatial configuration, satisfying certain intrinsic relative space symmetries without any fine tunings. It turns out that, with such space symmetries, not only the realization of high-dimensional SO couplings can be greatly simplified, but also the resulted SO coupled systems naturally host various types of topological phases. The experimental realizations of optical Raman lattices have been successfully achieved in 1D and 2D regimes. In the following we shall review the details of optical Raman lattice schemes, and the recent important experimental progresses.
A. Optical Raman lattice: 1D case
Model
To illustrate how the optical Raman lattice scheme works, we first consider 1D regime, as proposed in Ref. [101, 122] . As shown in Fig. 6 , the 1D blue-detuned optical Raman lattice is formed through a simple Λ-type configuration, with a standing-wave beam Ω 1 (red line, along x direction) and a running wave beam Ω 2 (blue line, along y direction) being applied [101] . The standingwave beam applies to both the spin-up |g ↑ and spindown |g ↓ states. For linearly polarized leaser beams, the standing wave field generates a 1D optical lattice which is spin-independent. Namely, the lattice potential reads 
where the tunable two-photon detuning δ plays the role of an effective Zeeman splitting. Before proceeding, we give a few remarks on the above realization. First, the whole setting applies only two laser beams which can be generated from a single laser source, and no fine tuning is required. Secondly, both the optical lattice and Raman lattice are generated through the same standing wave beam Ω 1 . This leads to a fixed relative configuration between V latt and M (x), namely, a) the periodicity of M (x) is one-half of that of V latt ; b) the Raman potential is antisymmetric with respect to each lattice site of V latt . This relative configuration is topologically stable, since any phase fluctuations, if existing in the laser beams, only lead to global shift of the optical Raman lattice, but cannot affect the relative configuration. We shall see that with this relative space symmetry the optical Raman lattice can naturally realizes nontrivial topological phases.
The topological physics can be best seen with the tightbinding model, while we emphasize that the following results are not restricted in the tight-binding regime. Consider the lowest s-band model, the tight-binding Hamiltonian generally takes the form
where c jσ (c † jσ ) are the annihilation (creation) operators of s-orbit for spin σ =↑, ↓ at lattice site j and the atom number operator n jσ ≡ c † jσ c jσ . Here the spin-conserved hopping couplings t ij 0 are induced by the lattice potential, given by
with φ (j)
sσ (x) being the Wannier functions for s-bands, and the Raman-coupling driven spin-flip hopping coefficients t ij so are
Since the wavefunctions φ
sσ (x) are spin-independent (due to the spin-independent lattice) and satisfy φ (j)
On the other hand, from the relative space antisymmetry of Raman coupling potential, one can find that
with
The staggered property of the spin-flip hopping can be absorbed by a gauge transformation that c j↓ → −e iπxj /a c j↓ , where a denotes the lattice constant. The tight-binding model is finally written as 
From the above results one can see that the Raman coupling has two novel effects: a) it induces π/a-momentum transfer between spin-up and spin-down states; b) it further induces the SO coupling. This is a direct consequence of the relative configuration between Raman and optical lattices. The two effects can also be pictorially described in Fig. 7 . In particular, the π/a-momenta transfer effectively reverses the sign of hopping coefficients of one spin states (say spin-up), and the remaining SO coupling further opens a gap, giving an insulating phase with nontrivial topology.
1D AIII class topological insulator
By a direct check one can see that the time-reversal symmetry T = iσ y K is broken for the Hamiltonian, where K is the complex conjugate. On the other hand, the charge-conjugation (particle-hole) symmetry, defined
, is also broken. The chiral symmetry, defined as the product of the chargeconjugation and time-reversal symmetry is conserved, with (CT )H(CT ) −1 = H, and (CT ) 2 = 1. Note that the charge-conjugation is a unitary symmetry, and the chiral symmetry is anti-unitary. The complete symmetry group of the Hamiltonian is
being an anti-unitary group formed by {I, CT }. In the first quantization picture the chiral symmetry is imply S = σ x , and is satisfied even when a m y σ y term exists in the Hamiltonian. From the symmetry analysis we know that the Hamiltonian H belongs to chiral unitary (AIII) class according to the Altland-Zirnbauer ten-fold classification [123] , and its topology is characterized by an integer Z, namely the 1D winding number, given by
where
. By a straightforward calculation one can find that
The nonzero winding number can simply interpreted that the spin axis of the lower subband winds one complete circle when the momentum k runs over the FBZ, as sketched in Fig. 8 . The nontrivial topology with |m z | < 2t 0 can support degenerate boundary modes. Considering open boundaries located at x = 0, L, respectively and diagonalizing H in position space
, we obtain the edge state for the boundary x = 0 as
and accordingly the one on
with N being the normalization factor, the spin eigensates σ x |χ ± = ±|χ ± , and
so |). Thus the two edge modes are polarized to the opposite ±x directions. Note ψ L and ψ R span the complete Hilbert space of one single 1/2-spin or spinqubit. Each edge state equals one-half of a single spin, namely, a 1/4-spin. Furthermore, the edge state to 1/2-fractionalization. A convenient way is to consider the semi-infinite geometry which has the open boundary at x = 0. We then calculate the particle number of the zero mode localized on this boundary. Note the total number of quantum states in the system is given by
where we denote byn E = I the state number operator and |ψ E is the eigenstate with energy E. Since the Hamiltonian satisfies {H, σ x } = 0, the energy spectrum is symmetric. We have then
The particle number of the zero mode depends on its occupation. If the zero mode is unoccupied, the particle number of it is given by
Here 1 and 0 represents the cases with one (topological phase) and zero (trivial phase) bound modes, respectively. Using the Eq. (40) one finds directly
Similarly, if the zero mode is occupied, the particle number is n 0 = 1/2. It is trivial to know that this result can be applied to the case with two boundaries located far away from each other, say respectively at x = 0 and x = L. Since the two zero modes are obtained independently, each of them carries +1/2 (−1/2) particle if it is occupied (unoccupied).
Interacting effects on topology
The Z classification implies that single-particle couplings respecting U (1) and CT cannot gap out the edge modes in arbitrary N -chain system of 1D lattices. The topological classification can be reduced with interactions. In other words, in the presence of interaction, the edge states may split out even the system respects the U (1) and CT symmetry. It was shown the Ref. [101] that with the following generic interactions between edge modes at one side (left or right) of N chains
* to ensure the chiral symmetry, the edge-state degeneracy of this side is still protected until the number of chains reaches N = 4. This implies that under (arbitrarily small) interactions the topological classification of 1D AIII insulator reduces from Z to Z 4 . This result can also be understood from the projective representations of the U (1) × Z T 2 symmetry group. It can be shown that the U (1) × Z T 2 group has 4 inequivalent projective representations, with three being topological and one trivial [124] . This also confirms that the topological classification reduces to Z 4 by interactions.
On the other hand, for a single chain of 1D AIII class insulator, increasing interaction can lead to topological phase transition. The relevant interaction includes the onsite Hubbard interaction
which is shown to renormalize the mass u = 2t 0 and magnetization w = m z , and thus can induce phase transition when the interaction exceeds critical value [101] .
From the previous discussion we know that in the singleparticle regime the critical point of phase transition is described by the scaling relation u = w. Under repulsive interaction, one can expect that u increases compared with the linear scaling due to the detrimental effects of interaction. The new phase transition scaling under interaction can be studied with standard bosonization method, together with renormalization group (RG) flow [125] . For convenience we rotate that σ y , σ z → (σ z , −σ y ). The Hamiltonian can then be written as
. Note that the SO term and spin-conserved hopping term are exchanged. The lowenergy physics can be well captured by the continuum approximation (x = ja):
with k F = π/2. Neglecting the fast oscillating terms we obtain the continuum representation of the two mass terms by:
Here u = 2t so , w = Γ y . Using the standard bosonization formula
[rφρ−θρ+s(rφσ−θσ)] with r = R, L and s =↑, ↓, we reach the bosonized Hamiltonian densities
The topology of the system depends on which of u and w flows to the strong-coupling regime first under RG. A direct power counting shows the same RG flow for the masses u and w in the first-order perturbation. Therefore the next-order perturbation expansion is necessary to capture correctly the fate of the topological phase transition. By deriving the RG flow equations up to one-loop order [101] , the renormalization to u, w, the umklapp scattering g ρ and spin backscattering g σ by:
where the bare values of the coupling constants
so , w = Γ y , and l is the logarithm of the length scale. Being a higher order correction, the renormalization of Luttinger parameter K ρ has been neglected. For U > 0, g σ marginally flows to zero and can be dropped off. This is consistent with the result that repulsive interaction cannot gap out the spin sector in the 1D Hubbard model. g ρ is marginally relevant and can be solved by g ρ (l) = πv F gρ (0) πv F −gρ(0)l . Substituting this result into RG equations of u and w yields af-
As having been analyzed previously, the repulsive interaction (g ρ > 0) suppresses SO induced mass term u while enhances the trivial mass term w. With these results one can find that that the scaling of topological phase transition is given by [101] 
where u(0) and w(0) denote their bare values (before having interactions), g ρ (0) is the umklapp scattering coefficient, and K ρ is the Luttinger coefficient of the charge sector. Note that in the original paper of Ref.
[101] a "1/4"-factor was wrongly included in the second term of γ by carelessness. For repulsive interaction U > 0, one has γ < 1 . The above scaling relation implies that a repulsive interaction suppresses the topological phase (note that the bare value u(0), w(0) < 1 for the weak coupling regime). Accordingly, if initially the noninteracting system is topologically nontrivial with u(0) > w(0) > 0, increasing U to the regime u(0) < [w(0)] γ can drive the system into a trivial phase.
Further studies
With optical Raman lattice many interesting physics can be explored besides the studies introduced above. In particular, it was shown that if adding an s-wave pairing potential, the AIII class topological phase enters into a 1D BDI class topological SC/superfluid. A resonant cross Andreev reflection was predicted in such topological SC [126] , as a consequence of oppositely spin-polarized edge modes in the left and right hand ends of the 1D system. On the other hand, by putting the current system in a cavity a novel topological phase, called topological superradiant phase [127] , was proposed, and was further generalized to the superfluid regimes [128] . Finally, with the relative configuration between Raman and optical lattices a Hidden nonsymmorphic symmetry was pointed out for the optical Raman lattice system, and was shown to be responsible for the degeneracy at the first Brillouin zone [129, 130] .
Experimental realization
The optical Raman lattice scheme for 1D topological state was realized very recently by HKUST group collaborating with PKU group with the alkali earth 173 Yb fermions [131] . The realization with alkali earth atoms is of explicit advantage in having a long lifetime due to the absence of relatively small fine-structure splitting between D 1 and D 2 lines which limits the realization of SO coupling in alkali atoms to apply near-resonant optical transitions. Another peculiar property of the realization in 173 Yb atoms is that the optical lattice is spin-dependent, rather than spin-independent, namely V
. In this case, the chiral symmetry discussed in the above subsection is generically not satisfied. Interestingly, it was shown in the work that the 1D topological phase and degenerate end states can still be obtained, and are protected by two hidden symmetries called magnetic group and non-local chiral symmetries [131] . The quenching dynamics are also investigated in the experiment, with a nontrivial topology-dependent spin relaxation dynamics being observed.
B. Optical Raman lattice: 2D case
Model
The optical Raman lattice scheme can be generalized to the 2D case. As was proposed in [86] , a basic model of 2D optical Raman lattice for spin-1/2 system reads
where the spin-independent lattice potential V latt (x, y) = V 0 (cos 2 k 0 x + cos 2 k 0 y), the Raman lattice potentials M x = M 0 cos k 0 x sin k 0 y and M y = M 0 cos k 0 y sin k 0 x, with (V 0 , M 0 ) being the amplitudes, and the constant Zeeman term m z relates to the two-photon detuning by m z = δ/2. Similar to the 1D model, in the present 2D optical Raman lattice each Raman potential (M x or M y ) is antisymmetric with respect to lattice potential V latt (x, y) along one direction (e.g. the x direction for M x ), while it is symmetric along another direction (the y direction for M x ). We shall see that this fundamental model Hamiltonian naturally realizes 2D SO coupling and can bring about rich topological phases [86, 89] .
The Raman lattice scheme in 2D case [89] . (a) Sketch of the setup for realization. The light components E1x,1z (blue lines) form a spin-independent square optical lattice in the intersecting area and generate two periodic Raman potentials, together with the light components E2x,2z (red lines). (b) All the relevant optical transitions for 87 Rb atoms, including the D2 (5 We introduce now how to realize the Hamiltonian (52) . The following realization is based on 87 Rb bosons, as proposed in Ref. [89] . However, the results are generically valid for both bosons and fermions. The 2D plane is set in the x − z plane, as considered in Ref. [89] . The 2D Raman lattice scheme, sketched in Fig. 9(a) , consists of a blue-detuned square lattice created by two standing-wave light components (blue lines), and two periodic Raman potentials generated with additional planewave lights (red lines). The standing waves in the intersecting area are
, whereĒ 1x/1z are amplitudes and the phase ϕ L = k 0 L is acquired through the optical path L from intersecting point to mirror M 1 , then to M 2 , and back to the intersecting point [ Fig. 9(a) ]. Here the initial phases have been ignored. For alkali atoms, the optical potential generated by linearly polarized lights is spin-independent when the detuning ∆ is much larger than the hyperfine structure splittings. The square lattice potential then takes the form
where the amplitudes are given by
Here ∆ s denotes the energy splitting between the D 1 and D 2 lines, as discussed in section III. The dipole matrix elements
The relative phase δϕ L = Lδω/c, acquired by E 2x , can be precisely manipulated by changing the optical path L or δω, and it controls the dimensionality of the realized SO coupling. The standing-wave and plane-wave beams form a double-Λ type configuration as shown in Fig. 9(b) , with E 1x and E 2z generating one Raman potential via |e 1 in the form
, and E 1z and E 2x producing another one via |e 2 as M 0y
. Note that for the present blue-detuned lattice, atoms are located in the region of minimum intensity of lattice fields. It follows that terms like cos(k 0 x − ϕ L /2) cos(k 0 z − ϕ L /2), which are antisymmetric with respect to each lattice site in both x and z directions, have negligible contribution to the low-band physics. Neglecting such terms yields the Raman coupling potentials
Here
Similar to the calculation of the lattice potentials given above, the amplitudes of the Raman potentials are obtained straightforwardly that
With the above results for square lattice and Raman potentials, the total Hamiltonian is followed by
where the effective Zeeman term m z = δ/2 is considered [ Fig. 9(b) ]. The above Hamiltonian returns to that in Eq. (52) when the phase difference takes the optimal value δϕ L = π/2, and replace z → y. The present scheme is of topological stability, namely, the realization is intrinsically immune to any phase fluctuations in the setting. Moreover, the relative phase δϕ L determines the relative strength of σ x and σ y terms in the Raman potential, which generates SO coupling along x and y directions, respectively. Tuning δϕ between π/2 and π can reach a crossover between the 2D and 1D SO couplings. If tuning δω = 50MHz, we have δϕ L = π/2 for L = 1.5m, which gives a 2D SO coupling, while δϕ L = π if increasing to L = 3.0m, and the SO coupling becomes 1D form. Note that the fluctuations, e.g. due to the mirror oscillations, have very tiny effect on L and thus the relative phase. These advantages ensure that this proposal can be realized in experiment.
Chern insulator for s-bands
Similar to the 1D regime, the present 2D optical Raman lattice can bring about nontrivial topological quantum states. We consider the lowest s-band model for the current consideration, while we emphasize that for the lattice system, the generic high-band model can be naturally obtained and may give rise to novel new topological physics. For convenience, we focus our study on the isotropic case with
The topological physics can be best understood with tight-binding model, while all the results derived below in this section is not restricted by tight-binding approximation, namely, they are valid for non-tight-binding regime. Taking into account the spin-conserved and spin-flip hopping terms between the nearest-neighbor sites, we obtain the tightbinding Hamiltonian for the s-bands by
where i = (i x , i z ) is the 2D lattice-site index, the particle number operatorsn iσ =ĉ † iσĉ iσ . The spin-conserved hopping couplings t i j 0 are induced by the lattice potential, calculated by
where φ
sσ (r) denotes the s-orbital Wannier function at the j-th site at the spin state σ. On the other hand, the spin-flip hopping couplings t i j so are driven by the Raman potentials M x (x, z) and M y (x, z), which are antisymmetric with respect to each square lattice site along x and z directions, respectively, and are obtained by 
The above formulas show that the Raman potential M x (x, z) only induces the spin-flip hopping along x direction, while M y (x, z) only induces the spin-flip hopping along z direction, both of them cannot drive onsite spin-flip transitions. These properties are resulted from the antisymmetry of Fig. 9(c) ]. Note that we have neglected the term M 0 cos(k 0 x) cos(k 0 z) in the originally realized Hamiltonian, which is antisymmetric with respect to lattice site along both x and z directions, cannot induce hopping along either x or z direction, nor induce the onsite spin-flip coupling within the s-band. The leading-order nonzero contribution of this term is the onsite transition between s-band and p x p z -band (not p x or p z band), which is negligible when the Raman lattice is weak compared with the square lattice potential V latt .
From the Eqs. (61) and (62), and together with the antisymmetry of Raman potentials, it can be read that the spin-flip hopping terms between two neighboring sites satisfy t jx,jx±1 so
s (x − a, z) is proportional to Raman coupling strength M 0 . Note that the staggered property of the SO terms are a consequence of the relative spatial configuration of the lattice and the Raman potentials, namely, the periodicity (unit cell) of the Raman lattice is one-half (double) of the square lattice periodicity (unit cell), and the Raman potential M x (x, z) (M y (x, z)) is antisymmetric along x (z) direction, while symmetric along z (x) direction [ Fig. 9(c) ]. Since the relative spatial profiles of the Raman potentials and the square lattice are determined by the same standing wave lights and are automatically fixed, these properties are topologically stable against any kind of fluctuations in the system.
The staggered spin-flip hopping terms described in Eq. (63) bring about two important effects. First, the staggered property implies that the coupling between spin-up and spin-down states transfers π/a momentum between them along both x and z direction, which effectively shifts the Brillouin zone by half for the spindown relative to spin-up states. This is exactly similar to the situation in the 1D optical Raman lattice, as discussed previously. Moreover, in additional to the relative half Brillouin zone shift, the remaining effect of the spin-flip hopping leads to the normal Rashba type SO coupling in the x − z plane. Note that the former effect can be absorbed by redefining the spin-down operator c j↓ → e iπ r j /aĉ j↓ . We recast the tight-binding Hamiltonian into
Note that the Raman potential M x (x, z) only induces the spin-flip hopping along x direction, while M y (x, z) only induces the spin-flip hopping along z direction. These properties are resulted from the antisymmetry of
Just like the 1D Hamiltonian [Eqs. (34) ], the opposite signs in t 0 terms are due to the relative (π, π)-momentum transfer between spin-up and spin-down Bloch states. The staggered property of the SO terms are a consequence of the relative spatial configuration of the lattice and the Raman potentials, namely, the Raman potential Fig. 9(c) ].
Transforming the tight-binding Hamiltonian into momentum space yields H TB = q,sσ,σ c † qσ H σσ (q)c qσ , with the Bloch Hamiltonian
which is a typically two-band model of the form H(q) = α=x,y,z h α (q)σ α , with h x (q) = 2t so sin q z a, h y (q) = 2t so sin q x a and h z (q) = m z − 2t 0 (cos q x a + cos q z a), giving the spectra E ± = ± α h 2 α (q). When |m z | = 4t 0 or 0, the system is fully gapped in the bulk; otherwise, the system has one or two Dirac points. This Bloch Hamiltonian around Γ point takes the form
with λ so = 2at so . Thus the lowest s-band model is described by a normal Rashba type SO coupling in a square lattice, plus the kinetic energy term coupling to spin component σ z term. This is in sharp contrast to a purely Rashba SO coupled system which is topologically trivial in the single-particle regime. The present realization gives a minimal two-band QAH model driven by 2D SO coupling, which was shown to exhibit novel topological features in both the bulk and the edge [132] . We note that this model cannot be precisely realized with solid state materials, where the minimal case is a four-band model [133] , but has been firstly achieved in the ultracold atoms. The topology of the present QAH model is characterized by Chern number, which can be calculated by
where the Green's function G −1 (ω, q) = ω + iδ + − H(q), and the trace is operated on the spin space. Integrating over the frequency space yields that
whereĥ = (h x , h y , h z )/|h(q)|. By a straightforward calculation one can find that
While the Chern number can in principle be determined by measuring the Berry's curvature at the whole q space, the precise measurement could be quite challenging in the real experiment. Interestingly, the Chern number of the current system can be measured by a much simpler way as introduced below, due the symmetry of the present optical Raman lattice. 
Detecting band topology by minimal measurements
As the topology of a Chern band is classified by Chern numbers, and also characterized by chiral edge states in the boundary, the detection of Chern bands can in principle be performed by measuring the bulk Chern number or chiral edge states. For the edge states, the measurement strategy includes the light-Bragg scattering which can detect the spectra of the edge modes [134] [135] [136] [137] . On the other hand, for a Chern band in a synthetic dimension, the edge states can be easily imagined directly [138, 139] . The bulk Chern number can be in principle be measured by imaging the Berry curvature over the Brillouin zone [140, 141] , e.g. through the Hall transport measurement. The Chern number is given by the integral of the Berry curvature over Brillouin zone. The measurements of Bulk Chern number were performed in the recent experiments [142] [143] [144] [145] .
In the present Chern insulator realized with 2D optical Raman lattice, a minimal measurement of the Chern number can be performed due to the novel inversion symmetry existing in the model, as proposed in Ref. [146] . The inversion symmetry of the Hamiltonian H 2D is defined by P = σ z ⊗ R 2D , giving PH 2D P −1 = H 2D , where the 2D spatial operator R 2D transforms the Bravais lattice vector R → −R. Thus, the Bloch Hamiltonian satisfies PH(q)P −1 = H(−q), which gives [σ z , H(Λ j )] = 0 at four highly symmetric momenta {Λ j } = {Γ(0, 0), X 1 (0, π), X 2 (π, 0), M (π, π)}. It is then indicated that in the tight-binding regime the Bloch states |u ± (Λ j ) are also eigenstates of the parity operator σ z with eigenvalues ξ (±) = +1 or −1. Therefore, similar to topological insulators [147] , one can define the following invariant
It has been proven rigorously that Θ = +1 when the band is in trivial, and Θ = −1 when the band is topological [146] . Such generic proof needs to construct a nontrivial connection between the inversion symmetric QAH system and the time-reversal invariant topological insulating system. Moreover, the Chern number of the lower band is given by [146] 
For the present specific system, it is straightforward to check that when the Zeeman term varies from m z 0 to m z 0, two parity eigenvalues ξ (−) (X 1,2 ) change sign and then Ch 1 changes from 1 to −1. Also, the Chern number vanishes for |m z | > 4t 0 .
The fact that the topology of the inversion symmetric bands can be determined by only the Bloch states at four symmetric momenta can greatly simplify the experimental detection of the topological bands. In the experiment at low but finite temperature T , the parity eigenvalues can be measured through the spin polarizations at the corresponding Bloch momenta. The measured spin polarization at momentum q is given by
with n ↑,↓ (q, T ) being the density of atoms of the corresponding spin state at temperature T in the first Brillouin zone. At the four symmetric momenta, the spinpolarization measured in the experiment is
where the distribution function f (E) = 1/[e (E−µ)/kBT − 1] if the topological band is simulated with bosons, and f (E) = 1/[e (E−µ)/kBT + 1] if it is simulated with fermions, with µ being the chemical potential, and E (−) (q) and E (+) (q) are the energy of the lower and upper s-bands, respectively. Note that
The above result implies that the measurement of the spin-polarization at low but finite temperature can be applied to determine the Chern number of the Bloch bands.
From the expectation values of σ z one can find that the Bloch bands are topological in Fig. 10(a,b) and trivial in Fig. 10(c,d) . Further, together with the Eq. (71), in the former topological regime we have the Chern number Ch 1 = +1 for the lower band and Ch 1 = −1 for the upper band [ Fig. 10(b) ].
C. Experimental realization of 2D SO coupling and topological bands
Wu et al. [89] performed the first experimental realization of the 2D Raman lattice scheme in a Bose gas of 87 Rb atoms. In the setup, the frequency difference is set at δω = 35MHz, and the relative phase δϕ L is controlled by the propagating length between the two mirrors [ Fig. 9(a) ]. Two observations are mainly preformed: (i) The crossover between 1D and 2D SO couplings, which is reflected by the atom distributions in spin-resolved TOF images. (ii) The measurements of spin texture and band topology. The Chern number Ch 1 [Eq. (71)] can be readily read from the measured spin texture at a wellchosen temperature.
1D-2D crossover
The atoms are first prepared in the spin-up state and then adiabatically loaded into the Γ point. The spinresolved TOF expansion is performed to projects Bloch states onto free momentum states with fixed spin polarizations. Figure 11(a) shows the TOF images for various values of δϕ L . For spin-up (| ↑ ) state, five atom clouds are observed: besides the major BEC cloud retained at momentum (k x , k z ) = (0, 0), four small fractions of BEC clouds are transferred to momenta (±2k 0 , 0) and (0, ±2k 0 ) by the first-order transition due to the lattice potential V latt . The SO coupling is reflected by the two or four small BEC clouds in the state | ↓ , depending on δϕ L , at the four diagonal corners with momenta (±k 0 , ±k 0 ). These atom clouds are generated by the Raman transitions, which flip spin and transfer momenta of magnitude √ 2k 0 along the diagonal directions. As given in Eq. (55), the Raman terms M x and M y depend on δϕ L . For δϕ L = π/2, four small clouds in state | ↓ with TOF momentum k = (±k 0 , ±k 0 ) are observed, reflecting the 2D SO coupling. On the other hand, by tuning the relative phase to δϕ L = 3π/4, the population of atom clouds in the two diagonal directions becomes imbalanced. Furthermore, the system reduces to 1D SO couplings when δϕ L = π and 2π, with M x = M x ± M y and M y = 0. In this case, the Raman pumping only generates a single diagonal pair of BEC clouds, as shown in Fig. 11a for δϕ L = π, 2π. This is similar to the 1D SO coupling in the free space, where the Raman coupling flips the atom spin and generates a pair of atom clouds with opposite momenta. Fig. 11(a) also shows a difference of distribution between lower left and upper right BEC clouds at | ↓ , which is due to non-tight-binding correction. A simple analysis reveals that while the fully antisymmetric Raman terms cos(k 0 x + α) cos(k 0 z + β) have negligible effects in the tight-binding limit of the lattice, they give finite contributions in the moderate lattice regime and are responsible for such difference of distribution. To quantify crossover effect, we define W = (Nx −ẑ − Nx +ẑ )/(Nx −ẑ + Nx +ẑ ) to characterize the imbalance of the Raman coupling induced atom clouds, with Nx ±ẑ denoting the atom number of the two BEC clouds along the diagonalx ±ẑ direction. The result of W is shown in Fig. 11(b) and is characterized by a simple cosine curve cos δϕ L , signifying the crossover between 2D and 1D SO couplings realized in the present BEC regime.
Band topology
To detect the topology of the bands, the spin distribution in the first Brillouin zone is measured for the 2D isotropic SO coupling with δϕ L = π/2. For this purpose, a cloud of atoms needs to prepared at a temperature such that the lowest band is occupied by a sufficient number of atoms, whereas the population of atoms in the higher bands is small. Measurements of spin texture at different temperatures [89] suggest that a temperature around T = 100nK is preferred to extract the spin texture information of the lowest band. In comparison, if the temperature is too high, atoms are distributed over several bands and the visibility of the spin polarization will be greatly reduced, while a too low temperature can also reduce the experimental resolution since the atoms will be mostly condensed at the band bottom.
The spin polarization is then measured as a function of detuning m z to reveal the topology of the lowest energy band, with V 0 = 4.16E r and M 0 = 1.32E r . The numerical calculations and TOF measured images of P (q) are given in Fig. 11(c) , which also show agreement between the theoretical and experimental results. In Fig. 11(d) , the values of polarization P (Λ j ) are plotted for the four highly symmetric momenta Γ , X 1 , M and X 2 . It can be seen that P (X 1 ) and P (X 2 ) always have the same sign, while the signs of P (Γ ) and P (M ) are opposite for small |m z | and the same for large |m z |, with a transition occurring at the critical value of |m c z | which is a bit larger than 0.4E r . At transition points the spin-polarization P (X 1 ) or P (X 2 ) vanishes due to the gap closing and thermal equilibrium. From the measured spin polarizations, the product Θ and the corresponding Chern number are readily read off and also plotted [ Fig. 11(d) ]. The results agree well with numerical calculations which predict two transitions between the topologically trivial and nontrivial bands near m c z ≈ ±0.44E r . Note that around m z = 0, the spin-polarizations at X 1,2 change sign through zero, implying the gap closing at X 1,2 and a change of Chern number by 2. This confirms that for the 2D SO coupled system realized in the present experiment, the energy band is topologically nontrivial when 0 < |m z | < |m 
D. Recent improvement of the realization and generalization to 3D SO coupling
While the blue-detuned optical Raman lattice exhibits high feasibility in realizing the 2D SO coupling and topological physics, it still suffers a couple of limitations for the study. First, the realization is restricted in the bluedeunted regime, which has a limited tunability in the relative strength of the lattice and Raman potentials, since the optical transitions from D 1 and D 2 lines cancel out the Raman potentials. Moreover, the present scheme lacks the precise C 4 and inversion symmetry P due to the presence of the term like cos(k 0 x−ϕ L /2) cos(k 0 z −ϕ L /2) in the Raman potentials [ [ Fig. 12(b) ]]. Such symmetrybreaking term, negligible only when the Raman potential is weak compared with the square lattice depth, can generically induce the coupling between the s-band and higher band states. This effect is shown to be detrimental and can reduce the topological region of the s-band [148] [ Fig. 12(d,f) ]. Finally, the realization necessitates a relatively large bias magnetic field to split the hyperfine levels, so that the phase difference δϕ L with required magnitudes can be achieved. Such a strong bias magnetic field can bring up heating due to the uncontrollable fluctuations.
To solve the challenges pointed above, a new optical Raman lattice scheme was proposed very recently for the realization of high-dimensional SO couplings with high controllability [149] . In the new realization, the system has a rigorous relative reflection symmetry/antisymmetry between lattice and Raman potentials, rendering a precise inversion symmetry of the QAH model [ Fig. 12(a) ]. This symmetry is irrespective of the type of detuning of optical transitions, namely, the realization is valid for both blue and red optical transitions, and also for transitions between D 1 and D 2 lines which render the optimal regime to realize SO couplings. In particular, in the case with δϕ = π/2 and M 01 = M 02 = M 0 , the system exhibits a precise C 4 symmetry defined
The new optical Raman lattice scheme for 2D Dirac type SO coupling [149] , and comparison to the previous realization [89] . (a) The new scheme applies two independent laser beams incident along x and y directions, through which the lattice and Raman potentials are generated simultaneously. The complete setup is as simple as the generation of the conventional square lattice for ultracold atoms, and the system is of inversion and C4 symmetries. (b) The previous realization adopts the laser beams long x and z directions which are correlated by a long triangle loop formed though lattice area, mirrors M1 and M2. This system does not have precise inversion symmetry or C4 symmetry, which are approximately valid only in the weak Raman coupling regime [89] . (c,e) With the new scheme the broad topological regime is obtained in the parameter space. (d,f) In the previous realization only a finite relatively narrow area of the parameter space supports topological phase [148] .
in the 2D lattice plane: (x, y; σ x , σ y ) → (y, −x; σ y , −σ x ), giving C 4 HC
= H. The precisely controllable symmetry, the phase diagram with topological region much broader than that in the previous case without exact inversion or C 4 symmetry has been predicted [ Fig. 12(c-f) ]. The new scheme was realized in a latest experiment with 87 Rb atoms, where all the key advantages of the new scheme have been confirmed [150] . Especially, a long lifetime up to several seconds is observed in the realized 2D SO coupled gas.
Moreover, the new optical Raman lattice scheme can be extended to the realization of 2D Rashba type and 3D Weyl type SO couplings. Compared with the scheme for the 2D Dirac type SO coupling which has been focused on in the above discussions, the The generation of 2D Rashba and 3D Weyl types has an exquisite request that two sources of laser beams have distinct frequencies of factor-two difference. Interestingly, it was found that the 133 Cs atoms provide an ideal candidate for such realization [149] . The new nontrivial topological physics were also predicted. The new optical Raman lattice schemes solve the essential challenges in exploring high-dimensional SO coupled quantum gases and shall advance the research in this direction, particularly in the quantum many-body physics and quantum far-fromequilibrium dynamics with novel topology for ultracold atoms.
V. TOPOLOGICAL SUPERFLUID AND MAJORANA ZERO MODES
The realization of SO couplings beyond 1D regime for ultracold atoms advances an important step to explore in experiment the topological superfluid, which is a highlysought-after phase hosting the exotic Majorana modes, as introduced in this section.
The discussion in this section is organized as follow. First we introduce the basics of Majorana modes, clarifying what kind of systems can host such modes. Then we introduce the spinless 1D p-wave and 2D chiral p + ip SCs, and discuss the emergence of the Majorana modes in such intrinsic topological SCs. The realization of topological SC/superfluid from a hybrid system formed by SO coupled system with s-wave pairing order is briefly discussed. After the introduction to the background, we turn to showing a generic theory for the 2D chiral SCs/superfluids, with which the topology of a 2D SC/superfluid, characterized by Chern numbers, can be simply determined by Fermi surface (FS) properties and pairing symmetry. This theorem provides a simple but generic criteria to identify the topology of a 2D SC/superfluid phase, even the real system might be complicated. The application of this generic theory to various SO coupled systems is considered. Moreover, we introduce a generic theory for the existence of nonAbelian Majorana zero modes (MZMs), from which we show that the MZMs can exist in 2D trivial SCs. The results can be further generalized to 3D Weyl semimetal with superconductivity/superfluidity.
A. Basics of Majorana zero modes
Eighty years ago, Ettore Majorana proposed a new fermion which is a real solution to the Dirac equation, and identical to its antiparticle and now called Majorana fermion (MF) [151] , and speculated that it might interpret neutrinos. The self-hermitian property of the Majorana particle indicates that the operator of a MF in the real space satisfies
A direct consequence is that the Majorana field breaks U (1) gauge symmetry and conserves no electric charge. Alternatively, the expectation value of a MF is zero, namely, it is charge neutral.
While the evidence of MFs as elementary particles in high energy physics is yet elusive, the search for MFs, or MZMs, has energetically revived in condensed matter physics and become an exciting pursuit in recent years [19] [20] [21] . The quest for Majorana modes in solid state physics is mostly driven by both the exploration of the fundamental physics and the promising applications of such modes, obeying non-Abelian statistics, to a building block for fault-tolerant topological quantum computer [23] [24] [25] [26] [27] [28] [29] [30] . Note that in condensed matter materials the only elementary particle is the electron which has an effective 'antiparticle' called hole in solid state physics. A MF can then emerge as a quasiparticle in a solid state material, e.g. such quasiparticle can be formed as a superposition of electron and hole
A natural hosting material for the Majorana-like quasiparticles could be SCs (or superfluids), where the superconducting pairing couples the electron and hole, leading to the qusiparticles in SCs being superpositions of electrons and holes. Nevertheless, for an s-wave SC, the pairing occurs between spin-up and spin-down electrons
or equivalently, in the Nambu space it couples the spinup electron and spin-down hole in the form
, where the hole operator is defined as d k,↑ = c † −k,↑ . Thus the quasiparticle in the s-wave SC in general renders the superposition form of the electron and hole b k = uc k,↑ + vd k,↓ = uc k,↑ + vc † −k,↓ , which is not a MF due to the distinction of the spin states of the electron and hole. One can soon find that the Majorana quasiparticle can be realized once the spin degree of freedom can be effectively removed in the SC. For a (an effective) spinless (or spin-polarized) fermion system, the basic superconducting pairing order is p-wave and
with the parity-odd pairing ∆ p (k) = −∆ p (−k). Similar to the analysis for the s-wave SC, the quasiparticle in this case takes the form
The MF is then resulted for u = v * . Due to the self-hermitian property, a single MZM has no well defined Hilbert space spanned by usual complex fermion quantum states. Instead, a complex fermion mode, whose Hilbert space defines a single qubit and is spanned by two fermionic quantum states |0 and |1 , can be formed by two independent Majorana quasiparticles. This follows that the Hilbert space of two MFs equals to that of a single complex fermion mode, namely, the quantum dimension of a MF d 2 γ = 2, which leads to a highly unusual consequence that a single Majorana mode has an irrational quantum dimension [29] 
The non-integer quantum dimension leads to an exotic property, namely, the non-Abelian statistics for the MZMs, which is the essential motivation in the recent years of extensive studies of topological SCs and in condensed matter physics and related topics in ultracold atoms.
B. Intrinsic p-wave SCs
1D spinless p-wave SC
The simplest toy model hosting Majorana modes is the 1D spinless p-wave SC, as proposed by Kitaev [152] . In the topologically nontrivial phase, at each end of the 1D system is located a Majorana zero bound mode. The Hamiltonian of the model is given below
where µ is chemical potential, t is hopping coefficient, and ∆ is the p-wave pairing with a phase φ. Transforming the above Hamiltonian into momentum space yields the BogoliubovC de Gennes (BdG) form
where the operator
T in the Nambu space, and the Pauli matrices τ x,y,z act on the Nambu space. It is convenient to rotate cos φτ y − sin φτ x → τ y , so that H k = −(t cos k +µ)τ z −sin kτ y . The present Hamiltonian is very similar to the case for the 1D AIII class topological insulator, as obtained in the 1D optical Raman lattice. The topology of the present system can then be studied in the similar way. First, the bulk of the present 1D superconductor is gapped when µ = ±t, and is gapless at µ = ±t, which corresponds to transition between topological and trivial phases. Note the Hamiltonian H k has time-reversal symmetry (T ) and charge-conjugation (particle-hole C) symmetry, defined by
with K the complex conjugate. It follows that symme-
. Thus the present system belongs to the socalled BDI class, with the topology being classified by 1D winding number. Similar to the 1D AIII class topological insulator, the 1D winding number is obtained straightforwardly by
where (ĥ y ,ĥ z ) = (h y , h z )/h, with h y = − sin k, h z = −t cos k − µ, and h = (h
. It further gives that
The topological number has a simple intuitive picture that the vector h = (ĥ y ,ĥ z ) winds 2π over a circle when k runs over the FBZ. Similar to the insulating phase, the nontrivial topology with |µ| < t can a boundary mode at each end of the 1D system if considering open boundary condition. The only difference is that here the boundary mode is a MF, rather than a Dirac fermion mode. Let the open boundaries locate at x = 0, N , respectively and diagonalizing H in position space, we obtain the Majorana edge modes for the boundaries x = 0, N as
with N being the normalization factor and λ ± = (µ ± µ 2 − t 2 + |∆| 2 )/(t + |∆|). It is easy to verify that the both MZMs satisfy the self-hermitian property: γ L,R = γ † L,R . Another important property of the MZMs is that when the phase factor φ varies by 2π, one gets γ L,R → −γ L,R . say each MZM acquires only π phase. This property closely related to the fractional Josephson effect for p-wave SCs and the non-Abelian statistics of MZMs [20] .
2D chiral p + ip SC
Similar to the connection between the 1D p-wave SC and the 1D AIII class insulator, the 2D p + ip SC is a superconducting version of the quantum Hall effect [153] . The Hamiltonian of the 2D p + ip SC can be described by
where ψ(r) denotes the spinless fermion field operator at position r in the 2D space, m is the mass of the fermion, and φ is the phase of the SC order ∆. Again, transforming the Hamiltonian to k space we obtain
It is also convenient to rotate cos φτ y − sin φτ x → τ y and cos φτ x + sin φτ y → τ x , so that H k = ξ(k)τ z + k x ∆τ y − k y ∆τ x . It is straightforward to know that for nonzero ∆, the bulk of the SC is gapped when µ = 0. Accordingly, the gap is closed at k = 0 when µ = 0, which implies that the phase transition occurs, with the topology of the two regions with µ > 0 and µ < 0 being different. The regime of µ > 0 is called the 'BCS' type weakly paired phase, while µ < 0 corresponds to the 'BEC' type strongly paired phase [153] .
It can be verified that the time-reversal symmetry T = K is broken for the Hamiltonian, while the charge conjugation symmetry C = τ x K keeps. Thus the p + ip SC belongs to the D class in the AZ ten-fold classification. The topology of the present p + ip SC is then characterized by Chern number, which can be calculated in the same way as done for QAH effect
where the Green's function G −1 (ω, q) = ω + iδ + − H(k), and the trace is operated on the Nambu space. Integrating over the frequency space yields that
In the topologically nontrivial phase µ > 0, the 2D SC supports chiral edge states in the boundary, which are analogy to the chiral edge states obtained in the boundary of the 2D quantum Hall effect. Nevertheless, in the present p + ip SC, the edge states are Majorana modes, while in quantum Hall effect they are chiral Dirac fermions. Furthermore, when the SC order is attached with a vortex with ∆ → ∆e iθ(r) , where θ(r) is the azimuthal angle, a Majorana zero mode can be obtained in the vortex core. It is also noteworthy that the Pfaffian state of the ν = 5/2 fractional quantum Hall state can be mapped to a p + ip SC ground state, hence hosting the MZMs [154] . For more discussions about the MZMs localized in SC vortices the readers can refer to the nice review article by Alicea [20] .
C. Topological superconductor/superfluid from a conventional s-wave pairing order
While the intrinsic p-wave SCs naturally host the Majorana modes in the boundary and vortex cores, the materials with such intrinsic superconducting pairings are delicate and hard to synthesize. More recently, it has been proposed that hybrid systems of s-wave SC and SO coupled matters with odd number of FSs can favor effective p-wave pairing states, bringing the realization of MZMs in realistic solid state experiments [19-22, 79, 80, 155-160] . In such hybrid systems, the the superconductivity is induced on the SO coupled material by proximity effect. Due to the presence of SO coupling, the parity-even (s-wave) and parity-odd (p-wave) pairing orders generically mix in the helical (eigenstate) bases at the interface. Under proper condition, e.g. by applying an external Zeeman field which kills the s-wave pairing while keeps the p-wave, the purely effective pwave SC and Majorana modes can be obtained (More details for the topological superconductivity from proximity effect will be introduced in the later section after we present a generic theory for chiral topological superconductors). Motivated by these proposals, experimental studies have been performed to observe Majorana induced zero bias conductance anomalies with different heterostructures formed by s-wave SCs and semiconductor nanowires [31] [32] [33] [34] , magnetic chains [35] [36] [37] , or topological insulators [38] [39] [40] . Nevertheless, the current experimental observations are not fully unambiguous, and the rigorous proof of Majorana modes in experiment is yet to be available.
Along with the exciting progresses made in the solid state physics, the exploration of MFs with ultracold atom systems has been also proposed and extensively studied, see e.g. [79, 80, [161] [162] [163] [164] . The motivation is quite straightforward. The s-wave superfluid phase can be achieved in ultracold fermions by tuning the s-wave Feshbach resonance, which is a mature technology in ultracold atoms [165] . Together with the SO coupling synthesised for the cold atom systems, the effective p-wave superfluid from an s-wave Feshbach resonance can be obtained. Nevertheless, for ultracold atoms the superfluid should be realized intrinsically, rather than by proximity effect. As such an intrinsic s-wave superfluid cannot be achieved in 1D system, but at least for 2D or 3D systems. As a result, to observe MZMs in a topological superfluid from s-wave Feshbach resonance, to realize a 2D SO coupling for Fermi gas is necessary [86] .
D. Chiral topological superfluids/superconductors: a generic theory
Instead of studying the topological superconductivity realized with various different platforms through proximity effect, we introduce in this subsection a generic theorem to determine the topology of a generic 2D system, as characterized by Chern numbers, after opening a gap through having superfluid/superconductivity [166] . Then we shall investigate the application of this theorem to various experimental systems. To simplify the description, we first classify the normal bands of the system without pairing into three groups: 1) the upper bands which are above the Fermi energy; 2) the lower bands which are below the Fermi energy; 3) the middle bands which are crossed by Fermi energy. In the most generic case, each middle band may have multiple FSs (Fermi loops), and we denote by (i M , j) the j-th FS loop of the i M -th middle band. Let the total Chern number of the upper (lower) normal bands be n U (n L ). It can be shown that the Chern number the superfluid pairing phase induced in the system is given by [166] 
Here n
is the Chern number of the i M -th middle band and θ
] is the phase of the pairing order projected onto the (i M , j)-th FS loop. Note that the pairing can occur between two different Fermi surfaces, say between (i M , j) and (i M , j ). In this case the Eq. (92) is still valid, but the integral will be performed on both Fermi surfaces at the same time. More details can be found in Ref. [166] . The integral direction is specified by arrows along FS lines in Fig. 13 (a,b) , which defines the boundary ∂ S i M ,j of the vector area S i M ,j in k space. The quantities {q im,j , q i M } = {0, 1} are then determined by "right-hand rule" specified below. The quantity q i M ,j = 0 (or 1) if the energy of normal states within the area S i M ,j is positive (or negative), while q i M = 1 (or 0) if the region S i M ,out , which is complementary to the sum of S i M ,j , have positive (or negative) energy. Some typical examples are shown in Fig. 13 . With this theorem the Chern number of the superfluid phase can be simply determined once we know the properties of lower and upper bands, and the normal states at the Fermi energy, which govern the phases of ∆
We introduce the proof of the above theorem for a multiband system. However, to facilitate the discussion, here we focus on the case with a single FS. The generalization to the multiple FSs will be assessed, with the detailed generic proof can be found in Ref. [166] (while some typos are corrected here). We write down the BdG Hamiltonian for a generic multi-band system by
where H(k) is the normal Hamiltonian, ∆(k) is the pairing order matrix, with for the two normal bands j 1 and j 2 , and k is the local momentum measured from FS center. Note that if FS is not symmetric with respect to its center, one can continuously deform it to be symmetric without closing the gap. In this process the topology of the system is not changed. Finally we can always write down H BdG in the above form to study the topology. Denote by u
the eigenvector of the normal band crossing Fermi energy and
denotes the normal dispersion relation. Focusing on the pairing on FS, the eiegenstates of H BdG takes the generic form
where '...' denotes the components from the subbands other than i M -th one. The eigenstate is associated with a Berry's connection calculated by
The key process is that we consider the weak pairing potential limit with ∆(k) → γ∆(k) with γ → 0 + (without closing bulk gap), in which case we can expect that the contribution from superconducting pairing to the Berry connection is fully dominated by the states right at FS. We shall then extract the A (i M ) k component our of A k , namely, the Berry connection corresponding to the middle i M -th band, given by be the phase of order parameter on FS. With the above results we get further the Chern number of the superfluid phase by
being the Berry connection for the normal band states. If we choose a gauge so that A
in the right hand side of Eq. (100) cancels. We then reach the formula (92) for the case with a single FS.
The proof can be generalized to the case with generic multiple FSs which may be closed or open [ Fig. 13(b) ], with multiple bands crossed by Fermi energy, and with the pairing within each FS or between two different FSs, given that the pairing fully gaps out the bulk [166] . Actually, for the case with multiple FSs, if the pairing occurs within each FS, which renders the Fulde-Ferrell-LarkinOvchinnikov (FFLO) or pair density wave (PDW) type orders [167, 168] , the totoal Chern number is simply a summation of the contribution from all FSs. On the other hand, if the pairing occurs between two different FSs, the integration in the formula (92) is performed on both FSs simultaneously. The generic theorem introduced here is not restricted by pairing types, is powerful to quantitatively determine the topology of the superfluid phases, and can be particularly useful for condensed matter materials when the system is complicated. We also note that this theorem is best applied to judge the topology of phases with relatively weak pairing orders. This is because a strong pairing order may fully deform FSs of the original system and then change Chern number governed by Eq. (92), driving a topological phase transition [166] . However, monitoring such phase transitions with increasing pairing orders can determine the whole topological phase diagram.
E. Applications to topological superfluids (superconductors) for SO coupled systems
In this subsection we introduce the applications of the generic theorem given in formula (92) to various types of SO coupled systems with s-wave superfluid/supercontuctor pairing.
TI & s-wave SC
We first consider the 2D hybrid system formed by TI surface states and an s-wave SC (or superfluid) [155] . The TI surface states are described by (2+1)d Dirac Hamiltonian. Together with the s-wave pairing order induced by the substrate SC through proximity effect, the effective Hamiltonian can be written down as
where v F is the Fermi velocity of the surface states.
The normal states of the surface Hamil-
, and the energy ± = ±v F (k
1/2 . If the Fermi energy is located at the upper band (Fig. 14) , the projected pairing on the FS is given by
We can apply the formula (92) to obtain the Chern number of the gapped superconducting phase. Note that here we only have a single band crossing the Fermi energy (i.e. one middle band). We have that n U = n L = 0, and n F = 0. For the Fermi energy located above the Dirac point, we have all the factors q i M = q i M ,j = 1. Thus the Chern number
It is easy to confirm that when the Fermi energy is located below the Dirac point, the Chern number is again Ch 1 = −1, so the phase is the same.
Rashba SO system & s-wave SC & Zeeman splitting
Now we consider the 2D hybrid system formed by 2D Rashba SO coupled system with an external Zeeman field and the s-wave SC [80, 83] . The effective Hamiltonian can be written down as
where V z is the external Zeeman field along the z direction, and λ R is the Rashba SO coefficient. The normal states of the surface Hamil-
, and the energy
Assume that the Fermi energy is located at the lower band. The projected pairing on the FS is given by
We can also apply the formula (92) to obtain the Chern number of the gapped superconducting phase with different parameter conditions by considering the weak pairing order regime. First we take that the Fermi energy is located inside the Zeeman gap opened at k = 0, so that there is only one middle band [ Fig. 15 (a) ]. For the Rashba system we have that n U = n L = 0, and n F = 0. For the present Fermi energy configuration, we have all the factors q i M = q i M ,j = 1. Thus the Chern number
On the other hand, if the Fermi energy crosses two FSs, as in the configuration shown in Fig. 15 (b) , we have for the two FSs that have that n U = n L = 0, and n F = 0, while q i M = q i M ,1 = 1 and q i M ,2 = 0. Then the Chern number reads
Thus the cases in Fig. 15 
PDW state for a Dirac metal
We consider the effective tight-binding Hamiltonian H TB on a square lattice proposed in Ref. [166] 
;
FIG . where s =↑, ↓, t x/z is the hoping constant along x/z direction, t so is the strength of spin-flip hopping, and m z,x denote the effective Zeeman couplings. As described in Fig. 16(a) , the above Hamiltonian describes a Dirac semimetal if m x = 0 and |m z | < 2(t x +t z ), with two Dirac points at Λ ± = ± cos −1 [(m z − 2t x )/2t z ], 0 . The term t xI sin k x σ 0 breaks the inversion symmetry and leads to an energy difference between the two Dirac points. Finally, a nonzero m x opens a local gap at the two Dirac points. For simplicity we take that t z = t 0 , t x = t 0 cos θ 0 and t xI = 2t 0 sin θ 0 to facilitate the further discussion. The realization with a new optical Raman lattice is sketched in Fig. 16(b,c) , where only a single Raman coupling is applied in the scheme. The details of the realization are neglected here, but the readers can refer to Ref. [166] . Note that here the 2D Dirac metal is driven by SO interaction, and is distinct from graphene, of which the Dirac points are protected by symmetry only if SO coupling is absent [169] .
The superfluid phase can be induced by considering an attractive Hubbard interaction. The total Hamiltonian
Due to the existence of multiple FSs corresponding to different Dirac cones, in general we can have intra-cone pairing (FFLO) and inter-cone (BCS) pairing orders, defined by ∆ 2q = (U/N ) k c † q+k↑ c q−k↓ , with q = ±Q or 0. Note that for the present Dirac system, a BCS pairing cannot fully gap out the bulk but leads to nodal phases, while the FFLO or FF order can [166] . On the other hand, since the inversion symmetry is broken, the BCS pairing would be typically suppressed. From the mean field results of a uniform system shown in Fig. 17 (a,b) , we find that the BCS pairing nearly vanishes, and ∆ −2Q dominates over ∆ 2Q , with ±Q ≈ Λ ± for positive µ. The topology of the superfluid phase can be characterized by the Chern number. The topology of the superfluid PDW phase can be determined with the theorem presented in formula (92) . When there is only one FS, the system with an FF order is topological since n L = n U = n
, giving the Chern number
for the Fermi energy crossing the left and right Dirac cones, respectively. In contrast, when there are two FSs (at both Dirac cones), from the same or different bands, one can readily find that the contributions from both FSs cancels out and the Chern number Ch 1 = 0, rendering a trivial phase. This result implies that the system can be topological when it is in an FF phase. A rich phase diagram is given in Fig. 17 (c,d) , where the topological and trivial FF phases with one of ∆ ±2Q being nonzero, and FFLO phase with both ∆ ±2Q being nonzero, are obtained. The gapless phase with nonzero ∆ ±2Q may be obtained due to imperfectly nesting Fermi surfaces. It is particularly interesting that in Fig. 17 (d) a broad topological region is predicted when m z is away from m z = 2t z . The broad topological region implies that the upper critical value ∆ (c) 2q , characterizing the transition from topological FF state to other phases, is largely enhanced compared with the case for m z = 2t z . This is a novel effect due to the following mechanism. Note that the pairing ∆ −2Q also couples the particle-hole states at Q = (π − Q, 0). Increasing ∆ −2Q to ∆ (c) −2Q closes the bulk gap atQ momentum, with the critical value being solved from BdG Hamiltonian as
where m p = 2(m z −2t z ). For m z = 2t z , we have Q = π/2 and a small critical value ∆ (c) −2Q m x . This is because the gap closes at the right hand Dirac pointQ = (π/2, 0), where the original bulk gap less than 2m x before having superfluid pairing [ Fig. 17(e) ]. Importantly, for m z = 3t z , we find that ∆ (c) −2Q ∼ 2t z , which is of the order of band width. In this regimeQ is away from the right hand Dirac point, and corresponds to a large bulk gap before adding ∆ −2Q [ Fig. 17(f) ]. As a result, a large ∆ −2Q is necessary to drive the phase transition, giving a broad topological region, as shown in Fig. 17 (d) . Note that an equivalent picture for the phase transition is that increasing the order ∆ −2Q deforms the band structure, which pushes one band (another band) atQ = (π − Q, 0) toward (away from) the Fermi energy. When ∆ −2Q reaches the critical value, the band is pushed across the Fermi energy, leading to an additional contribution from Fermi surface to the Chern number given in Eq. (92), and the phase transition occurs. Further discussions.-The generic theorem given Eq. (92) is powerful to determine the topology of the 2D SC/superfluid characterized by Chern numbers. The application can be go much beyond the examples introduced above, which are relatively simple. For example, the topological superfluid phase based on SO coupled QAH model as discussed in Section IV.B exhibit rich phase diagram with different Chern numbers [86] . To determine the full topological phase diagram through the conventional computation of the Chern numbers is some tedious, while using our present generic formula (92) can reach all the results with a quick check. We are not going to expand the discussion on the details, but the readers may check by themselves.
F. Non-Abelian Majorana modes in trivial superfluids
So far we have focused on the topological superconductors which host Majorana modes in the vortex cores or boundary. Note that MZMs in SCs (e.g. bound at vortices) are topological defect modes, which correspond to nonlocal extrinsic deformations in the Hamiltonian of the topological system. For example, MZMs in the chiral p x + ip y SC harbor at vortices which exhibit nonlocal phase windings of the SC order (a global deformation in the original uniform Hamiltonian). This feature tells that the MZMs at vortices are not intrinsic topological excitations, but extrinsic modes of a SC. In this regard, one may conjecture that the existence of MZMs is not uniquely corresponding to the bulk topology of a SC, and there might be much broader range of experimental systems which can host such exotic modes, besides those based on topologically nontrivial SCs. This conjecture was confirmed in a generic theorem shown in the recent work [170] .
Chern-Simons invariant: a generic theorem
Here we introduce the generic as shown in Ref. [170] that the existence of MZMs localized in the vortex cores does not rely on the bulk topology of a 2D SC. For a generic 2D normal system with N FSs and gapped out by SC pairings, one can show that the existence of MZMs at the SC vortices is characterized by an emergent Z 2 Chern-Simons invariant ν 3 :
where ∆ Qi (k) is the SC order projected onto the i-th FS and is generically momentum dependent, w i counts the phase winding of ∆ Qi (k) in the k-space around the i-th FS loop, and n i denotes the integer vortex winding number (vorticity) attached to ∆ Qi → ∆ Qi e iniθ(r) , namely the winding in the real space. At least a single MZM is protected when the index ν 3 = 1 if there is no symmetry protection, even the bulk topology of the SC, characterized by Chern number, can be trivial.
Proof.-We introduce the proof of the generic theorem given in Eq. (112) for the Chern-Simons invariant, which governs the existence of the MZM in a 2D SC. The essential idea for the present proof is similar to that done in proving the generic formula of Chern number for chiral SC, as discussed in the previous section. For a system with multiple normal bands and FSs, the superconducting pairings may occur within each FS (intra-FS pairings) and between different FSs (inter-FS pairings). The theorem (112) is not affected by inter-FS pairings. Thus for convenience, we consider first the generic SC Hamiltonian with only intra-FS pairings, given by
T , with α incorporating the orbital and spin indices, the normal band HamiltonianĤ 0 (k) is considered to have N FSs, and the pairing matrix element∆ αβ Qi ∝ k c Qi/2+k,α c Qi/2−k,β regarding the i-th FS has a central-of-mass momentum Q i . Here for convenience we take that each FS is circular and centered at a momentum Q i /2. Similar to the proof of Chern number for chiral topological superfluids, as introduced in previous section, one can always continuously deform the FSs to be circular without changing topology of the system, as long as the bulk gap keeps open during the deformation. In general the SC order exhibits spatial modulation in the real space, rendering the PDW or FFLO state [167, 168] , and bears the form ∆(r) = i∆ Qi e iQi·r . Note that each PDW component ∆ Qi possesses a U (1) symmetry, implying that each of them can be attached with a vortex of winding number n i independently, giving∆(r) = i∆ Qi e −iniθ(r)+iQi·r , with θ(r) being the vortex phase profile.
The Chern-Simons invariant ν 3 is defined in 3D space, for which one parameterizes the Bogoliubov de Gennes (BdG) Hamiltonian by taking the phase φ ∈ [0, 2π) of the SC order∆ Qi e −iniφ as a synthetic dimension of ring geometry S 1 . Together with the 2D physical space, the bulk BdG Hamiltonian can then be written down in a synthetic 3D torus T 3 = T 2 × S 1 spanned by (k, φ). In the synethetic 3D space, the Z 2 Chern-Simons invariant [171] [172] [173] is computed by
where the elements of one-form Berry connection are given by A λλ (k, φ) = i ψ λ |dψ λ , with |ψ λ denoting the corresponding eigenvector of the BdG Hamiltonian, and the trace is performed on the filled bands. A direct computation of the index ν 3 for the generic case is not realistic. To simplify the study we again take the advantage that the topology of the system is unchanged under any kind of continuous deformation without closing bulk gap. For this we further adiabatically deform the Hamiltonian H to a new form
where Ω Qi (k) is a positive real smooth truncation function with Ω Qi ( S i ) = 1 inside the orientable vector area S i enclosed by the i-th FS loop centered at Q i /2, and decays to zero at a short distance beyond this area. Since the system remains fully gapped for the continuous deformation, the invariant ν 3 can be evaluated over H . Denoting by F i the vector area with Ω Qi (k) = 0, The invariant given in Eq. (114) can be reduced to the integral over the disjoint union i F i ×S 1 , as shown in Ref. [170] , which facilitates the further study.
While in general the HamiltonianĤ 0 incorporates multiple normal bands, one can consider the weak SC pairing regime, in which case only the states around each FS will be effectively paired up. The coupling between states from different FSs and that from different bands can be ignored due to the energy detuning. In this way, the BdG H further reduces to an effective one-band form in the eigen-basis u k ofĤ 0 . In particular, for the momentum k ∈ F i around a specific FS centered at momentum Q i /2, the effective BdG Hamiltonian takes the form
−k is the pairing term projected onto the i-th FS. Note that ∆ Qi (k) has captured the original band topology. The eigenstates of h Qi take the form |ψ k± = (α k± u k , β k± u * −k )
T (refer to also the proof of Chern number for chiral topological superfluid in the previous section). Then ν 3 can be decomposed into ν 3 = i ν (i) 3 ('mod 2' temporarily omitted), and
The above result can be further simplified by taking the weak pairing order limit ∆ Qi → 0 + , in which case the gap becomes infinitesimal at the FSs, and the contribution to ν 3 will completely come from the FS states. It can be derived directly on F i that A φ = −n i Θ Si and [174] . Substituting these results into the formula of ν 3 yields
The above result is exactly the one given in Eq. (112) by observing that the curl of gradient of SC phase vanishes, while the contribution from the defect gauge field A i d renders the phase winding of SC order in the momentum space around FS loop [170] . This completes the proof. The theorem is still valid if the system has inter-FS pairings and connected FSs [170] . Particularly, in the one band case, the Z 2 Chern Simons invariant readily reduces to the Hopf invariant.
The above result shows that the existence of MZMs at vortex cores is essentially protected not by the bulk topology of the 2D SC, but by an emerging Chern-Simons invariants ν 3 , implying that a non-Abelian MZM can exist in a trivial SC. A famous example can be obtained from a Rashba SO coupled semiconductor with Zeeman splitting and in the presence of an s-wave superconductivity [80, 156] , as introduced in the previous section. To obtain a chiral topological SC the chemical potential has to lie within the Zeeman gap and cross the bulk band for once. According to the above theorem, even the chemical potential is above the Zeeman gap and crosses two FSs, MZMs can in principle be generated if the SC orders in the two FSs are independent and only one of them is attached with vortex.
Majorana zero modes in 2D trivial superfluids
2D Dirac metal.-The theorem in (112) suggests that MZMs can exist in broader range of physical systems. Now we introduce a minimal scheme, which can be readily achieved based on the optical Raman lattice scheme [89, 166] , for the realization of MZMs. The total Hamiltonian takes the form
where the Hubbard interaction is attractive U > 0. As is known that the Hamiltonian H 0 describes a topological Dirac semimetal for |m z | < 2(t x + t y ), with two Dirac points at Q ± = (0, ± cos −1 ((m z − 2t y )/2t x )) and possesses non-trivial spin texture on the FSs (Fig. 18) . The difference of the present case from the one in Eq. (108) is that here no inversion symmetry is broken and no gap opening at the Dirac points.
Self-consistent phase diagram.-The superfluid (SC) states can be studied with the above model. Having multiple FSs around various Dirac cones, generically one shall consider both the inter-cone (BCS) and the intra-cone (PDW) pairing orders, described by ∆ q = (U/N ) k c q/2+k,↑ c q/2−k,↓ , with q = 2Q ± or 0 and N is total number of lattice sites. Generally, the order parameter in real space takes the form and the BCS and PDW orders may compete with each other. The intra-cone PDW order can fully gap the bulk while reducing the translation symmetry. On the other hand, owing to the different spin-momentum lock at the FSs of the two Dirac cones [ Fig. 18 (b) ], the inter-cone BCS pairing cannot fully gap out the bulk spectrum, and leaves four nodal points. These nodal points can be further gapped by charge density wave (CDW) orders
The BCS, PDW, and CDW orders may compete to dominate in different parameter regimes, and can be solved self-consistently. The phase diagram are obtained by self-consistent calculation with proper parameters so that the Dirac points are located at Q ± = (0, ±2π/3), as shown in Fig. 19 . The phase diagram is dominated by PDW order with |∆ 2Q± | = 0, which appears only for finite U . With increasing chemical potential, the Dirac cone becomes less isotropic (Fig. 18 ) and the FSs are less well-nested. As a consequence, a narrow gapless region with nonzero PDW orders |∆ 2Q± | = 0 is obtained for µ > 0.05 [ Fig. 19(a) ], while the spectrum becomes fully gapped when |∆ 2Q± | increases exceeding some finite value. In the fully gapped region at larger U , one can readily check that the Chern number vanishes Ch 1 = 0 from the generic result shown in formula (92) , and the bulk is trivial for the present (class D) superfluid [166] . In the PDW phase at large U , BCS and CDW orders of small magnitude also appear and accompany the PDW. They can be regarded as small perturbations to the PDW phase and hence the PDW phase is topologically equivalent to the PDW phase. In the "Dirac metal" phase, all ∆q = 0; in the narrow "Gapless" region, ∆ 2Q ± are finite but not strong enough to fully gap the system. In the "PDW" phase, the system is fully gapped by finite PDW. In the "PDW " phase at large U , BCS and CDW orders of small magnitude also appear and accompany the PDW. (b) Magnitude of PDW order ∆ 2Q ± . The parameters are the same as those in Fig. 18 .
MZMs for the trivial superfluid.-Despite the topologically trivial superconducting state here, the system can host non-trivial MZM bound to vortices and protected by the Chern-Simons invariant shown in the present work. In general, the vortices proliferated to the PDW order read
The minimal allowed defect corresponds to a half-vortex, given by n + + n − = ±1, while a full vortex is given by n + + n − = ±2 [175, 176] . In particular, in Fig. 20 (a,c) we consider the half vortex regime with two unit vortices of opposite vorticities ±2π (i.e. n + = ±1) attached only to ∆ 2Q+ and located with a finite distance between each other in the real space. The real space BdG Hamiltonian with vortices is then numerically solved and the two lowest energy modes with finitesize energies E = ±1.039 × 10 −4 are obtained [ Fig.  20(c) ]. Spatial wave function density s=↑,↓ |ψ s (r)| 2 for one of the solutions (the other is the same) is plotted in Fig. 20(a) , showing that it is in the zero angularmomentum channel and well-localized at vortex cores, thus being a MZM. The robustness of MZMs against impurities can be shown straightforwardly [170] . The physical origin of the exsistence of MZMs can be viewed as a direct consequence of bulk-boundary correspondence, as illustrated in Fig. 20(b) . Consider the region far away enough form the vortex core so that at each azimuthal angle φ we can find a microscopically large region with approximately constant SC phase θ. This region can be thought of as a 2D system in (r, k ; φ) with fixed φ = θ, periodic boundary along k direction and open boundary along r direction. Combining all such 2D systems with φ ∈ [0, 2π) yields an effective 3D space with periodic boundary with respect to k and φ, while open boundary along r axis due to the existence of vortex. With this picture when the parameterized 3D system has a nontrivial Chern-Simons invariant ν 3 , which is the case for halfvortex regime based on a direct numerical check, MZM is obtained as a boundary zero mode at the vortex core. In comparison, we have performed a similar calculation by attaching a full vortex with n + + n − = 2 to ∆ 2Q± , which gives a null ν 3 . In Fig. 20(d) , the corresponding low energy spectrum reveals that no zero mode but finite energy Andreev bound states are present in the system, consistent with the ν 3 result. While the phases are trivial for the 3D space, the nontrivial vortex line modes can be obtained. We consider first the PDW dominated phase, and take that |∆ +2Q | = |∆ −2Q | and ∆ 0 = 0, since a small perturbative BCS order does not affect the results. Let a vortex line of winding n be along z-axis and attached to ∆ +2Q , so that ∆ +2Q = |∆ +2Q | exp[inφ(r)], with tan(φ) = y/x. In the low-energy limit the effective Hamiltonian can be obtained by linearizing the 3D Weyl cone Hamiltonian around Q + point line located at x = y = 0 along z-axis, one can choose cylindrical coordinate (ρ, φ, z), with∆(ρ → 0) = 0, ∆(ρ → ∞) = constant, and nφ the phase winding of the PDW component. For n = ±1 the Majorana in-gap modes can be obtained analytically and satisfy [170] H eff γ z (ρ, φ, k z ) = E kz γ z (ρ, φ, k z ), (124) E kz = sgn(nv x v y )v z k z , which implies that the vortex Majorana modes are chiral, with chirality χ M = sgn(nv x v y v z ) being related to n and Weyl node chirality χ. The Majorana operator readsγ z (k z ) = d 2 r γ z (ρ, φ, k z )f (ρ, φ, k z ), witĥ γ z (k z ) =γ † z (−k z ) for real Majorana states. This solution can be readily generalized to the case of a generic winding n = N . Actually, such a vortex line is topologically equivalent to |N | vortex lines with unity winding n = sgn(N ). In the later case each line hosts a branch of chiral Majorana modes. Due to the chiral property putting the |N | branches of vortex modes together with couplings can at most deform their dispersions, but cannot annihilate them, yielding |N | chiral Majorana modes.
The chirality of Majorana vortex modes imply that these modes are gapless and traverse the bulk gap of the PDW phase. This property can be further confirmed by performing a full real-space numerical calculation based on the lattice model without linearity assumption. In particular, the inversion symmetric Weyl metal with µ = 0.7 and U = 5.8 is considered. The self-consistent calculation for this regime reveals a PDW phase with ∆ ±2Q ≈ 0.201 and ∆ 0 ≈ −1.85 × 10 −2 , and the system has a bulk gap E gap ≈ 0.21. A vortex line (n = 1) and anti-vortex line (n = −1) are considered along z-axis, separating from each other in x-y plane, and are attached to one of ∆ 0,±2Q , as sketched in Fig. 21(e) . With this configuration appropriate periodic boundary condition can be applied in the numerical calculation. The local spectral function A(x, y, k z , E) can be obtained from the retarded Green's function G R (E) of the system
x, y, k z , s|G R (E)|x, y, k z , s ,
where |x, y, k z , s is the Bloch basis with momentum k z . Computing A(k z , E) near the vortex core gives the energy spectra of the bulk and vortex line modes. Fig. 22(a) and (b) show the spectra measured from the vortex line (n = 1) and anti-vortex line (n = −1), respectively. In both cases the chiral Majorana modes traverse the bulk gap connecting the lower and upper bands. The chirality of these modes depends on the vortex line winding number, consistent with the previous analytic solution. This result is fundamentally different from that for a BCS phase, as shown in Fig. 22(c) , where we compute the Majorana modes by attaching vortex and anti-vortex lines to ∆ 0 with ∆ 0 = 0.25 and ∆ ±2Q = 0. Majorana zero-energy flat bands for the vortex lines are obtained. These Majorana zero modes are simply the vortex modes of p x + ip y SCs with different momenta k z . Chiral gapless modes have to be protected by chiral topological invariants, e.g. the Chern numbers. However, it can be verified that for any 2D sub-plane incorporating z-axis the 1st Chern number is zero. Similar to the case in 2D superconducting Dirac semimetal system, an emerging invariant defined in a higher-dimensional space shall provide the protection of the present chiral Majorana modes. Similarly, the SC order can be parameterized by its phase factor ∆ q e inθ , where the constant θ ∈ [0, 2π) forms a 1D periodic parameter space S 1 . Together with the 3D lattice, we construct a 4D synthetic space T 4 = T 3 ×S 1 spanned by p = (p, p θ ) with p = (p x , p y , p z ) and p θ = θ. In this synthetic 4D space we define the 2nd Chern number by
where is the antisymmetric tensor and F ij are the gauge field strengths calculated by diagonalizing Hamiltonian H MF (p, p θ ) for every p and p θ . The second Chern number C 2 can be numerically computed for BCS and PDW phases, as shown numerically in Fig. 21(f) . It is seen that C 2 = 0 for the BCS dominated phase, while C 2 ≈ −0.956 for the PDW phase obtained with the same parameters except for U as in Fig. 22(a) . The deviation of C 2 from an integer is due to finite size effect. It was further shown and proposed that when considering the ring configuration of vortex lines, a 3D non-Abelian loop-loop braiding statistics can be obtained [170] . These results reveal a real physical system to explore the exotic 3D non-Abelian braiding statistics, and shall attract further studies based on realistic ultracold atom platforms.
VI. DISCUSSION AND OUTLOOK
In conclusion, in the present review we have pedagogically introduced the realization of spin-orbit (SO) coupling and topological quantum phases for ultracold atoms, and have focused on the latest progresses in theory and experiment, particularly for the SO coupling beyond one-dimension (1D) in optical lattices, the topological insulating states, and topological superfluid phases. We systematically discussed the optical Raman lattice schemes, with which the 1D and 2D Dirac types, 2D Rashba type, and 3D Weyl type SO couplings can be synthesized. Being of the high feasibility, the proposed SO couplings and topological quantum physics have motivated several experimental studies, with some of the proposals having been successfully realized. The topological superfluids and Majorana modes have also been discussed. After a brief introduction to the background, we showed a generic theorem for the chiral topological superfluid/superconductor phases, which provides a simple but generic approach to determine the topology of 2D chiral superfluids/superconductors. Moreover, the existence of non-Abelian Majorana modes at vortices (or vortex lines for 3D systems) is revisited and is found to be irrespective of the bulk topology of the superfluid/superconductor phases, and is protected by emergent topological numbers defined in the synthetic spaces with dimension higher than the physics system. As a direct consequence, the non-Abelian Majorana modes can exist in trivial superfluids/superconductors, with the minimal experimental schemes for the realization have been proposed and studied.
The realization of high-dimensional SO couplings has opened intriguing opportunities to explore novel quantum physics with ultracold atoms, ranging from traditional spintronic effects to the exotic topological physics. In particular, the recently proposed new optical Raman lattice scheme [149] exhibits high controllability in engineering various types of high-dimensional SO couplings, with the realized SO coupled quantum gases having long lifetime (up to several seconds depending on atom candidates). Especially, with such scheme a long-lived topological Bose gas has been achieved in experiment, confirming the high feasibility of the new proposal. With these progresses the research of the high-dimensional SO coupled quantum gases is developing into a mature topic, and the realization of high-dimensional SO couplings shall become routine studies in experiment in the near future. The next important issues in this direction include to investigate the quantum-far-from equilibrium dynamics with novel topology and the interacting topological quantum states for the SO coupled systems. For ultracold atoms, the nonequilibrium dynamics could be particularly useful to explore topological quantum physics, since the equilibrium ground state is not easy to reach due to the heating and loss in the system. Nonequilibrium dynamics may bring up new physics beyond the achievability of equilibrium studies. The interacting topological quantum physics, e.g. the topological superfluids and fractional topological insulating states, are highly-sought-after but very challenging due to heating/loss in the real experiments. Note that the optical Raman lattice schemes, introduced in the present review, can be generically applied to any type of atom candidates, including the alkali earth and lanthanide atoms which have been confirmed to have much less heating in observing SO effects. It is therefore of high interests to investigate the novel interacting topological physics with high-dimensional SO coupled alkali earth and lanthanide quantum gases.
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